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Abstract

Topological quantum computers promise a fault tolerant means to perform quantum computation.
Topological quantum computers use particles with exotic exchange statistics called non-Abelian
anyons, and the simplest anyon model which allows for universal quantum computation by particle
exchange or braiding alone is the Fibonacci anyon model. One classically hard problem that can be
solved efficiently using quantum computation is finding the value of the Jones polynomial of knots at
roots of unity. We aim to provide a pedagogical, self-contained, review of topological quantum
computation with Fibonacci anyons, from the braiding statistics and matrices to the layout of such a
computer and the compiling of braids to perform specific operations. Then we use a simulation of a
topological quantum computer to explicitly demonstrate a quantum computation using Fibonacci
anyons, evaluating the Jones polynomial of a selection of simple knots. In addition to simulating a
modular circuit-style quantum algorithm, we also show how the magnitude of the Jones polynomial at
specific points could be obtained exactly using Fibonacci or Ising anyons. Such an exact algorithm
seems ideally suited for a proof of concept demonstration of a topological quantum computer.

1. Introduction

The exponential growth observed over the past decades in information processing capacity of digital computers,
and as quantified by Moore’s law, is unsustainable and will eventually be complemented or surpassed by
quantum technologies (Milburn 1996, Kauffman and Lomonaco 2007). Quantum computing is a field of much
interest because it promises to outperform regular, classical computing for many otherwise intractable
problems. While classical computers perform Boolean operations on a register of bits, quantum computers
perform unitary operations on an exponentially large vector space, typically composed from many quantum
bits, or qubits (Galindo and Martin-Delgado 2002, Nielsen and Chuang 2010, Nakahara 2012). Using this
exponentially large computation space, it is possible, at least in principle, for quantum computers to efficiently
solve classically difficult problems such as prime factorisation of large numbers (Shor 1994) or the simulation of
complex quantum systems (Feynman 1982, Lloyd 1996).

Another example of a classically hard algorithm, which can benefit from quantum computation, is the
determination of the Jones polynomial of knots (Jones 1985). The Jones polynomial is a knot invariant with
connections to topological quantum field theory (Witten 1989, Freedman 1998) and other knot-like systems. It
is also, in general, exponentially difficult to compute by classical means. However, a quantum algorithm
developed by Aharonov, Jones and Landau (AJL) (Aharonov et al 2009) can be used to efficiently estimate the
value of the Jones polynomial at the roots of unity, by first reducing the problem to finding the diagonal elements
of the product of certain matrices. The resource of nonclassical correlations required in such evaluation of the
Jones polynomial (Shor and Jordan 2008) may be quantified by quantum discord (Zurek 2003, Datta et al 2008,
Dattaand Shaji 2011, Modi et al 2012).
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Most implementations of a quantum computer are highly susceptible to errors. A major source of error in
quantum computation is decoherence, caused by interactions between the quantum state and the environment,
which causes uncontrolled randomness in the system (Zurek 2003, Pachos 2012). Local perturbations can also
cause errors in many quantum systems, as can imperfections in the execution of quantum operations
(Preskill 1997). This results in notable overheads devoted to error correction schemes, which only work in
computers with a sufficiently low basic error rate, which makes implementing such a quantum computer very
difficult.

One way to mitigate the effect of these errors is in using topological quantum computing (Freedman 1998,
Kitaev 2003, Collins 2006, Nayak et al 2008, Wang 2010, Pachos 2012, Stanescu 2017). In contrast to locally
encoding information and computation using, for example, the spin of an electron (Kane 1998, Loss and
DiVincenzo 1998, Reilly et al 2008, Castelvecchi 2018), the energy levels of an ion (Cirac and Zoller 1995,
Leibfried et al 2003), optical modes containing one photon (Knill et a/ 2001), or superconducting Josephson
junctions (Shnirman et al 1997), topological quantum computers encode information using global, topological
properties of a quantum system, which are resilient to local perturbations (Kitaev 2003, Bombin and Martin-
Delgado 2008,2011, Nayak et al 2008, Pachos and Simon 2014). These topological quantum computers can be
implemented using non-Abelian anyons, which are quasiparticles in two-dimensional systems which exhibit
exotic exchange statistics, beyond a simple phase change (Pachos 2012). Considering the anyonsin2 + 1
dimensions (where the third dimension is time), the motion of these anyons traces worldlines in this 2 4 1
dimensional space, and exchanging the anyons results in braiding the worldlines (Brennen and Pachos 2008).
Exchanging non-Abelian anyons results in a unitary operation determined solely by the topology of this braid,
and for certain models of anyon, such as the Fibonacci model, it is possible to reproduce any unitary operation to
arbitrary accuracy by choosing the right braid to perform, making them universal for quantum computation
(Preskill 2004, Nayak et al 2008). Because the operations are determined by topology alone, they are far more
resistant to decoherence and errors. This makes topological quantum computers an area of significant interest
and investment (Collins 2006, Gibney 2016).

In the case of topological quantum computers made from Fibonacci anyons, compiling more useful
operations from the elementary braiding operations available with Fibonacci anyons (Bonesteel et al 2005, 2007,
Simon et al 2006, Freedman and Wang 2007, Hormozi et al 2007, Xu and Wan 2008, Kliuchnikov et al 2014,
Carnahan et al 2016), and testing of various error correction codes for Fibonacci anyon-based quantum
computers (Wootton etal 2014, Feng 2015, Burton et al 2017), as well as simulation of the physics involved with
Fibonacci anyons (Ayeni et al 2016) have been investigated. There has also been considerable study into
candidate physical systems which could contain non-Abelian anyons. Most notable candidate for finding
Fibonacci anyons is the fractional quantum Hall effectat v = 12/5 (Bonderson et al 2006, Sarma et al 2006,
Ardonne and Schoutens 2007, Brennen and Pachos 2008, Nayak et al 2008, Stern 2008, Trebst et al 2008, Rezayi
and Read 2009, Wu et al 2014, Mong et al 2017), although other candidates exist (Cooper et al 2001, Brennen and
Pachos 2008, Fendley et al 2013, Puri€ et al 2017). Meanwhile, significant effort is directed toward finding Ising
anyons in nanowires hosting Majorana zero modes (Alicea 2012, Sarma et al 2015, Zhang et al 20138).

In this work, we have explicitly carried out a quantum algorithm, specifically the AJL algorithm, by
simulating the braiding of Fibonacci anyons. In doing so, we have demonstrated from first principles how
Fibonacci anyons can be used for quantum computation, and provided an explicit recipe for the actions that
would need to be performed on a system of Fibonacci anyons to perform such computations. We have also
presented and performed an exact algorithm, which demonstrates the direct connection between Fibonacci and
Ising anyons and the value of the Jones polynomial at a specific point.

In section 3, we review the relevant components of knot theory and topology, including the definition of
knots (section 3.1), braids (section 3.3) and the Jones polynomial (section 3.2). Section 4 provides a brief review
of conventional quantum computation. In section 5, we cover the theoretical basis for the Fibonacci anyon
topological computer starting with a discussion on Fibonacci anyons (section 5.1), followed by the derivation of
the elementary braiding matrices (section 5.2) and an explanation of how we can perform quantum
computation with Fibonacci anyons (section 5.3). Section 5.4 illustrates how braids which approximate desired
operations can be formed. Section 6 covers the details of the AJL algorithm, including the Hadamard test
(section 6.2) that can be performed on a quantum computer. Section 6.3 contains a discussion on how non-
Abelian anyons could be used to exactly calculate the magnitude of the Jones polynomial. Intermediate results
demonstrating the rate of convergence of braids approximating matrices and the Hadamard test are presented in
section 5.4.3 and section 6.2.3, respectively. Finally, our simulation of the topological quantum computer is
presented in section 8. We also provide a qualitative summary of the main points of this work in section 2 for
ease of reference.
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1. Quantum memory
(anyon qubits)

2. Computation
(anyon braiding)

3. Measurement
(anyon fusion)

Figure 1. A demonstration of braiding anyons in a topological quantum computer. Time points downwards in this diagram. This
computer has two qubits composed of four anyons each, where the ellipses group the anyons into qubits. Some braiding is performed
with the anyons, then the anyons are fused to measure the state of the qubits. The light grey, inert, anyons do not participate in any
non-trivial braiding, and could potentially be deployed for error correction.

2. Overview

2.1. Principles of topological quantum computation
A quantum computer uses the principles of quantum mechanics to manipulate a quantum state in such a way as
to perform a useful computation. A topological quantum computer uses quantum states which are encoded by
the topology of the system rather than in anylocal properties.

There are three fundamental steps in performing a topological quantum computation, illustrated in figure 1.

1. Creating qubits from non-Abelian anyons.
2. Moving the anyons around— ‘braiding’ them—to perform a computation.

3. Measuring the state of the anyons by fusion.

Each of these steps is discussed in further detail below.

2.1.1. Non-Abelian anyons and qubits

Anyons are a type of particle which can exist in two-dimensional quantum systems (Wilczek 1982). When two
anyons are exchanged, the states of those particles may be subjected to an arbitrary phase shift (for Abelian
anyons) or even a unitary operation (for non-Abelian anyons) (Brennen and Pachos 2008, Pachos 2012). This is
unlike the bosons and fermions which constitute regular three-dimensional particles, where the particle states
undergo a multiplication by 1 or —1, respectively, upon particle exchange. For non-Abelian anyons, exchanging
of particles can perform significant changes to the state of the system, which can be used to perform quantum
computation.

The state of a system of anyons is defined by the anyons produced by fusing those anyons together, with each
possible set of fusion outcomes representing one state in the Hilbert space of the quantum system of anyons. The
dimension of this Hilbert space, or the number of different possible fusion outcomes, grows by a factor called the
quantum dimension when more anyons are added, on average and in the limit of many anyons. For Abelian
anyons, because each fusion gives a definite outcome, the quantum dimension is 1, because adding more anyons
does not add more possible fusion outcomes. Non-Abelian anyons have a quantum dimension greater than 1.
The quantum dimension does not need to be an integer, or even rational number (Trebst et al 2008).

A qubit is a quantum system which can be in two possible states, and forms the basic unit of most quantum
computers (Nakahara 2012). Multiple qubits are brought together to form a register of qubits. For topological
quantum computers, each qubit is composed of a number of anyons. In the Fibonacci model, a qubit can be
constructed from four Fibonacci anyons, figure 1, with zero net overall ‘charge’ or ‘spin’ (i.e. the four anyons will
annihilate when all of them are fused) (Brennen and Pachos 2008). As such, the first step in performing a
topological quantum computation is to create anyons to form a register of qubits.

For the sake of concreteness, we focus on the model of Fibonacci anyons. However, the concepts explored
are directly applicable to generic non-Abelian anyon models.
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2.1.2. Braiding anyons
Exchanging two non-Abelian anyons performs a unitary operation on the quantum state, which can change the
relative phases and probability densities of the basis states corresponding to each fusion outcome.

The anyons exist in two-dimensional space. Consider a2 + 1 dimensional space, where the third dimension
is time. The worldlines that thread through the time dimension as the anyons move around each other are
strands which are braided, as in figure 1. Hence, exchanging anyons is referred to as braiding, because the
operation braids their worldlines. Furthermore, the operation performed on the quantum state is dependent
solely on the topology of the braid, meaning that the braid can be stretched and deformed in almost any manner
but still perform the same operation. This topological robustness provides the key advantage of topological
quantum computers over other quantum computers, which is tolerance to errors from local perturbations
(Kitaev 2003, Nayak et al 2008).

By braiding anyons within a qubit, the probabilities of the fusion outcomes within that qubit can be changed.
This puts the qubits into a superposition of states. By braiding anyons between two qubits, the states of the qubits
in general become dependent on each other, such that it is not possible to measure the state of one qubit without
affecting the other qubit. Thus performing a braid which literally entangles two qubits will also induce quantum
entanglement between those two qubits.

Before performing any braiding, it is essential to know what braids are necessary to perform the desired
operation. In quantum computation, the quantum algorithms are composed of several quantum gates, which
each enact a predetermined operation. Itis necessary to determine what braid enacts the required gates to within
adesired accuracy, and this is performed using classical computation with a combination of exhaustive search
(Bonesteel et al 2005) and iterative methods (Kitaev 1997, Dawson and Nielsen 2006, Burrello et al 2011,
Kliuchnikov et al 2014). Once the braid corresponding to a given gate has been determined, that braid can be
recorded for later use during quantum computation. Here we rely on the simpler exhaustive search method,
which is adequate for first-order approximations of a small number of quantum gates.

2.1.3. Measuring anyons

After the computation is complete, it is necessary to measure the state of the system. This is performed by fusing
two of the anyons in each qubit and observing the outcome of each fusion. Each set of fusion outcomes
corresponds to a unique basis state (Pachos 2012). Because the anyons are a quantum system, the probability of
each set of fusion outcomes is determined by the amplitudes of the basis states in the quantum system.

The state of the system after the braiding encodes the result of the computation. However, the full state
cannot be measured directly. As such, it is often necessary to perform repeated identical computations and
measurements to statistically determine the probability distribution and thus the state of the system. However,
due to the embarrassing parallelism of such repeated measurements, this task can be completed efficiently and
simultaneously by deploying multiple copies of the same system.

2.1.4. Physical realisation

A variety of physical systems have been suggested for implementing topological quantum computation using
non-Abelian anyons (Nayak et al 2008, Sarma et al 2015). Hence, complementing the generic but abstract notion
of anyons, braiding their worldlines, and their eventual fusion as illustrated in figure 1, it may be useful to have a
concrete mental picture of the physical entities and processes comprising such a topological quantum computer.
For this purpose, we may choose to consider the anyons to be (quasiparticles associated with) vortices nucleated
in a quasi-two-dimensional superfluid. Such vortices are the quantum mechanical counterpart to the familiar
bathtub vortices and are ubiquitous in quantum liquids including superfluid helium-4 (Yarmchuk eral 1979,
Fonda et al 2014), superfluid helium-3 (Hakonen et al 1982, Autti et al 2016), superconductors (Essmann and
Trauble 1967, Abrikosov 2004), Bose—FEinstein condensates (Matthews et al 1999, Madison et al 2000, Abo-
Shaeer et al 2001, Fetter 2009) and superfluid Fermi gases (Zwierlein et al 2005). The particular types of non-
Abelian anyons that may be realised depend on the physical details of the vortices. For example, in chiral p-wave
Fermi systems the vortices may host Majorana zero modes (Volovik 1999, Gurarie and Radzihovsky 2007,
Mizushima et al 2008), the topological properties of which correspond to the Majorana zero modes found in
solid state systems leading to Ising anyons (Sarma et al 2015, Zhang et al 2018).

In a Bose—Einstein condensate, vortex-antivortex pairs can be spawned from vacuum controllably using e.g.
steerable laser beams (Samson et al 2016). Similar techniques could be developed for preparing non-Abelian
vortex anyons in spinor Bose—Einstein condensates or chiral p-wave Fermi gases to initialise the topological
qubits.

Vortices in quantum gases such as Bose—Einstein condensates can be pinned using focused laser beams
(Tung et al 2006, Simula et al 2008, Samson et al 2016) and using optical tweezer technology positions of
individual optical pinning sites can be controllably steered (Roberts et al 2012, Samson et al 2016) to move
vortices around adiabatically (Virtanen et al 2001, Simula 2018). When such vortices are braided, their

4
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Figure 2. Quantum circuit diagram for the Hadamard test for evaluating the real component of a matrix element, as required by the
AJL algorithm. The Hadamard gate is denoted by H and the gate ® is a controlled gate, where the circle marks the control qubit and the
box is the operation acting on the target qubit, with this operation specific to the knot being investigated by the AJL algorithm.
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Figure 3. A weave of anyons approximating the Hadamard gate, H =

(} j 1), with an error of 0.003. Time points to the rightin

this diagram.

worldlines trace out three-dimensional vortex structures familiar from, e.g., studies of quantum turbulence
(Barenghi et al 2014), propagating singular optical fields (Dennis et al 2010, Taylor and Dennis 2016, Tempone-
Wiltshire et al 2016), fluid knots (Kleckner and Irvine 2013), and electron vortices (Petersen et al 2013).

Fusion of vortices in quantum gases could be achieved by simply overlapping the optical pinning potentials,
closing the worldlines such that the vortices will either annihilate or form another topological defect. From the
topological quantum computation perspective the most important aspect of such vortices is that they must be
governed by non-Abelian exchange statistics. For this purpose spinor Bose—Einstein condensates (Kawaguchi
and Ueda 2012, Stamper-Kurn and Ueda 2013) seem to be a promising platform for searching non-Abelian
vortex anyons (Mawson et al 2018). Many such high-spin Bose—Einstein condensates, including rubidium
(Stamper-Kurn and Ueda 2013), chromium (Griesmaier et al 2005), erbium (Aikawa et al 2012), strontium
(Stellmer et al 2009), ytterbium (Takasu et al 2003) and dysprosium (Lu et al 2011, Lian et al 2012) atoms have
already been produced. Such spinor Bose—Einstein condensates may host non-Abelian fractional vortices
(Semenoff and Zhou 2007, Huhtamaki et al 2009, Kobayashi et al 2009, Borgh and Ruostekoski 2016, Kobayashi
and Ueda 2016, Mawson et al 2017) whose topological invariants (Mermin 1979, Thouless 1998) are described
by finite non-Abelian symmetry groups. Notwithstanding the finiteness of their underlying symmetry groups,
such condensates may possess experimentally realisable ground states with non-Abelian vortex anyons with the
capacity to be harnessed for topological quantum computation. Indeed, such vortices in spinor Bose—Einstein
condensates have been proposed for realisation of a variety of non-Abelian anyon models (Mawson et al 2018).

2.2.Simulation of a topological quantum computer

We have simulated a topological quantum computer by performing matrix multiplication in MatLab, where
each matrix corresponds to an elementary braiding operation of the anyons. State measurement was performed
in this simulated quantum computer by multiplying the overall braid matrix with a vector, then using that vector
to construct a probability distribution, from which the measured state of the qubits was randomly selected.

With this simulator we performed the AJL algorithm (Aharonov et al 2009) for approximating the Jones
i/ k). The Jones polynomial is a knot invariant, which can be used to
distinguish inequivalent knots. The AJL algorithm involves quantum circuits such as those shown in figure 2.
Implementing the algorithm in a topological quantum computer required finding braids such as that in figure 3
and constructing controlled operations by the method described by (Bonesteel et al 2005).

By compiling weaves and performing the AJL algorithm in our simulated quantum computer, we were able to
approximate the Jones polynomial of simple knots at the complex roots of unity, as shown in figure 4. Evaluations
of the Jones polynomial to this precision took on the order of 10° elementary braiding operations for these simple
knots. The time complexity of these evaluations in the quantum computer with respect to the desired error ¢,
measured by the number of elementary braiding operation required, scales as O((1/¢)?log(1/¢)).

polynomial at the complex roots of unity (e
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Figure 4. Results from the determination of the Jones polynomial Vi(#) of the positive Hopflink. The horizontal axis shows the
complex phase of the point t where the Jones polynomial is being evaluated. Square markers with error bars are the results obtained
stochastically from the Hadamard test. Real and imaginary components are evaluated separately. The limiting values of these
stochastic measurements are also shown, see the legend.

In a demonstration of the connection between topological quantum field theories and the Jones polynomial,
we showed that if the knot under investigation was directly copied by the braided worldlines of Fibonacci
anyons, then the probability of measuring the initial state is simply the magnitude of the Jones polynomial at the
pointt = ¢*™"/® times the quantum dimension to a simple power. An identical result holds for Ising anyons at
the pointt = ¢™* = i, and we conjecture that similar results hold for a countably infinite set of anyon models.
This method is facile and involves no approximations, but is limited to obtaining the magnitude of the Jones
polynomial at a fixed point. Nevertheless, it facilitates a straightforward proof of concept demonstration of a
topological quantum computer.

We note, however, that the elementary methods used here to evaluate the Jones polynomials of knots can be
used to simulate any quantum algorithm in a universal topological quantum computer.

3. Topology and knot theory

3.1.Knots

Formally, a knotis a closed loop embedded in three-dimensional space. Intuitively, a knot may be understood as
atangled loop of string or rope. Knots are studied within the field of topology, meaning that we are permitted to
stretch, deform and move this loop in a continuous manner, without cutting the loop or allowing it to intersect
itself. This type of transformation is referred to as ambient isotopy. If two knots are isotopic to one another, that
is, one knot can be deformed into the other, then those two knots are equivalent. Otherwise, the knots are
inequivalent.

Knots can be generalised to being made from multiple closed loops. Knots containing multiple loops are
called links. All the theory which applies to knots can also be applied to links. In this work we will often use the
terms knot and link interchangeably. Knots and links may also be oriented, meaning that their curves have an
associated direction.

Figure 5 shows pictures of a few simple knots and links. Figure 5(f) is a knot diagram of the knot in
figure 5(e). Knot diagrams are a projection of knots, which are three-dimensional objects, into a two-
dimensional drawing. At each intersection on the diagram, the crossing is marked to indicate which arc is above
the other in 3D space. The Reidemeister moves, illustrated in figure 6, can be used to manipulate a knot diagram
while maintaining ambient isotopy. If one knot diagram can be transformed into another via a finite number of
Reidemeister moves, then those two knots are equivalent (Kauffman 2016). Not listed is planar isotopy, where
the diagram can be stretched and deformed provided no crossings are modified. Planar isotopy is typically
assumed to always be allowed.

Figure 5(a) shows the simplest possible knot, the unknot. It is regarded as a trivial case (although
determining whether an arbitrary knot is equivalent to the unknot can be non-trivial). The simplest link is the
unlink, which consists of multiple disjoint unknots. It is also a trivial case. The simplest non-trivial link is the
Hopflink, in figure 5(b), and is made of two simple loops, which intersect each other. The simplest non-trivial
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Figure 5. Pictures of (a) the unknot, (b) the Hopflink, (c) the figure-eight knot, (d) and (e), respectively, the left and right trefoils, and
(f) knot diagram of the right trefoil.

II1

Figure 6. Representations of the three Reidemeister moves.

knot is the trefoil, in figures 5(d) and (e). The trefoil is chiral, meaning that it is not equivalent to its mirror image.
The next simplest knot is the figure-eight knot, in figure 5(c). These simple knots and links will form the test
cases for the algorithms explored in this work.

3.2. Knot invariants

A knot invariant is any quantity associated with a knot or its diagrams which does not change under ambient
isotopy. A knot invariant calculated from a knot diagram is unchanged by performing the Reidemeister moves
on the knot diagram. One of the uses for invariants is to distinguish between inequivalent knots. If two knot
diagrams have different values for an invariant, they must be inequivalent. Note, however, that the converse is
not true; two inequivalent knots might have the same value for a particular invariant. Better invariants are better
able to distinguish between inequivalent knots.

The Jones polynomial is a particularly powerful knot invariant. It has connections to topological quantum
field theory (Witten 1989, Freedman 1998) and statistical mechanics (Kauffman 2016). One way to define the
Jones polynomial is using the Kauffman bracket polynomial.

The Kauffman bracket polynomial (K') of a knot or link K'is computed from the knot diagram of K. A
recursive relationship called a skein relation, illustrated in equation (1), is applied locally at each crossing, until
the knot diagram has been reduced to alinear superposition of unlinks”. Disjoint unknots are then removed via
equation (2), effectively counting the number of unknots. This is done until the base case of the unknot (O) is
reached, which has a bracket polynomial of one, as per equation (3). The end result is a polynomial with the

2 The skein relationship in equation (1) is the convention used in Brennen and Pachos (2008), Aharonov et al (2009), Kauffman (2016).
However, some sources such as Pachos (2012) have A and A" swapped around. In such a case, the resulting polynomials have the signs of
the powers reversed, and equation (5) would need to be modified to use —A ™ instead.

7
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Figure 7. Rules for the contribution to the writhe from each oriented crossing.

variable A. Equations (1)—(3) are listed below:

(KUO) = —(A* + A% (K) =d (K), (2
(0) = 1. 3)

The Kauffman bracket polynomial is invariant under Reidemeister moves II and III. However, it is not
invariant under Reidemeister move I, instead obtaining the relationships in equation (4):

........ 64[3

As such, the Kauffman bracket polynomial is not an invariant.

Another property which can be calculated, corresponding to oriented knots and links, is the writhe w(K).
The writhe assigns a value of +1 or —1 to each crossing, depending on the orientation of the arcs involved in the
crossing, as in figure 7, and the value of the writhe is the sum over all the crossings in a knot diagram.

The writhe is also invariant under Reidemeister moves I and III but varies by +1 under Reidemeister move

I. As such, we can use the writhe to define a normalised version of the Kauffman bracket polynomial which is
invariant;

fi(A) = (=AY O (K). )

1/4

This polynomial is a knot invariant. If we make the substitution A = ¢~ /%, then we obtain

Vi (t) = (=t (K), (6)

which is the Jones polynomial (Kauffman 2016).

The writhe is simple to calculate, requiring only a linear sum over the crossings. As such, the complexity of
computing the Jones polynomial is due to the Kauffman bracket polynomial. The recursive relationship
equation (1) results in the complexity of this algorithm scaling by O(2"), where # is the number of crossings. As
shown in equation (7),

()
QD)D)
(4O Db (Cp) (40 ) +AC0)

=A
=A(A ATV (A +ATH(-A% - A7)
=AY (AP - AT 411+ A2(—A - A7)
— _ A4 _ A_4
87p

the Kauffman bracket polynomial of the simple two-crossing Hopflink expands from one term to four. In the
general case, it is not possible to efficiently compute the Jones polynomial, or even approximate it at a point,
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using a classical computer (Freedman 1998, Aharonov et al 2009, Pachos 2012). As such, a more efficient
quantum algorithm is desirable.

For reference, here we also compute the Jones polynomial of the Hopflink. The writhe of the Hopflink
depends on the orientation of the Hopf link:

(D)
(D)

We shall consider the positive Hopflink, with positive writhe given by equation (8). Using the relationship
equation (6) and the Kauffman bracket polynomial equation (7), its Jones polynomial is then

The Jones polynomial of the negative Hopflink is

1% (Q@) (t) = —t=°/2 —¢71/2, 011b

We will state that the Kauffman bracket polynomial of the left trefoil is

<& >:A7—A3—A—5, 812p

and the left trefoil has a writhe of —3, so it has a Jones polynomial of

V<CQ®> =—tt+tP 313

The Kauffman bracket polynomial of the right trefoil is

<é> > =AT AT A5 814p

and the right trefoil has a writhe of +3, so it has a Jones polynomial of

V(&) = '+ 17+t 815b

Since equations (13) and (15) are different, this demonstrates that the left and right trefoils are inequivalent.
The Kauffman bracket polynomial of the figure-eight knot is

<®>A8A4+1A4+A8, d16p

and the figure-eight knot has a writhe of zero, so it has a Jones polynomial of

V(@) =t —t+1—t 't 317p

3.3. Braids and closures

A class of objects related to knots are braids. A braid has # parallel strands, with several twists or crossings. At
either end of the braid is a line of # pegs (typically not drawn), each with exactly one strand attached. Each
crossing involves two adjacent strands crossing over each other and exchanging places. The strands in the braid
always travel in one direction, never looping back on themselves or disappearing. Up to planar isotopy, a braid
can be fully defined by a linear sequence of crossings, making them mathematically easy to represent.

9



I0OP Publishing Quantum Sci. Technol. 3 (2018) 045004 B Field and T Simula

NI X1 TTEX X1

by bo b3 (bl ) !

\

S oo

Z J //
= b1b2b1 = b2b1b2
11

4

;>

Fﬁ &J::LJ rﬁ bsby = bybs

Figure 8. Diagram depicting the braid generators for By, and demonstrations of the three identities for braid generators equation (18).

To represent braids algebraically, we define the Artin braid group B,, as the set of all braids with n strands
(Kauffman 2016). The generators of B,, are the identity I, the elementary braids for a crossing in one direction of
the’thandi + I’thstrandsb;for1 i < n,and their inverses for crossings in the opposite direction b; "'
(Nayak et al 2008). By taking a product of these non-commutative generators, we can obtain any braid in B,,. The
sequence of elementary braid operations (b;and b; ') defining a braid is called the braidword. When reading a
braidword from left to right, the braid is built from bottom to top (Aharonov et al 2009)’. Examples of a few
braids and braid generators are provided in figure 8. Since a braid can be represented by its braidword, this
makes it straightforward to perform algorithms and computations on braids.

Just as knots have the Reidemeister moves, the braid group has the identities (equation 18). The first two
equations are equivalent to Reidemeister moves II and III respectively, whereas the third is equivalent to planar
isotopy and is often called far-commutativity.

bib;l == I[
bibi1b; = bi1b;bi v
bibj =bb; if i — j| > 2. (18)

To convert a braid B into a knot or link, it is necessary to close the ends of the braid. There are two common
conventions for this: a trace closure and a plat closure. The trace closure connects each peg along the top to the
corresponding peg along the bottom, and forms a link denoted B". The plat closure connects adjacent pegs on
the same side, and forms a link denoted as B” (Aharonov et al 2009). Note that the plat closure requires an even
number of strands. Note also that the knots formed by these two closures for the same braid are in general
different. Examples of the closures of braids which yield the Hopflink are shown in figure 9, and closures of
braids corresponding to the trefoil and figure-eight knot are shown in figures 10 and 11. The process can be
reversed to obtain a braid from a knot. In fact, by Alexander’s theorem (Alexander 1923), every knot and link can
be represented as the closure of a braid (Lomonaco and Kauffman 2006).

For the purposes of oriented knots, for the trace closure we can consider the braid as having all its strands
oriented in the same direction. Note that each element of the braidword has an exponent of +1. Thus, by
comparing the braid elements in figure 8 to the writhe rule in figure 7, we can state that the writhe of the trace
closure of a braid is simply the negative of the sum of the braidword’s exponents.

For the plat closure of a braid, it will be necessary to follow each individual strand to determine