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Superradiance explains the collective enhancement of emission, observed when nanophotonic emitters are
arranged within subwavelength proximity and perfect symmetry. Thermal superradiant emitter assemblies
with variable photon far-field coupling rates are known to be capable of outperforming their conventional,
nonsuperradiant counterparts. However, due to the inability to account for assemblies comprising emitters
with various materials and dimensional configurations, existing thermal superradiant models are inadequate and
incongruent. In this paper, a generalized thermal superradiant assembly for nanophotonic emitters is developed
from first principles. Spectral analysis shows that not only does the proposed model outperform existing
models in power delivery, but also portrays unforeseen and startling characteristics during emission. These
electromagnetically induced transparency like (EIT-like) and superscattering-like characteristics are reported
here for a superradiant assembly, and the effects escalate as the emitters become increasingly disparate. The
fact that the EIT-like characteristics are in close agreement with a recent experimental observation involving the
superradiant decay of qubits strongly bolsters the validity of the proposed model.
DOI: 10.1103/PhysRevB.97.125406

I. INTRODUCTION

Quantum emitter assemblies comprising N identical, noncoupled quantum emitters where each emitter outputs a power
of P are expected to collectively emit a total power of NP
during operation. However, when the emitters are placed within
subwavelength proximity, it is observed that the emission rate
ephemerally enhances to ≈N 2P . This seemingly improbable
enhancement is well described by the principle of superradiance, originally proposed by Dicke in 1954 [1,2]. Although
the characteristic occurrence of this effect is transitional in
nature (the effective duration of which is well studied [3]),
numerous efforts have successfully maintained superradiance
in the steady-state regime [4–6], thus paving the way for
myriads of applications in fields such as biology [7], energy
harvesting [8], and laser design [9].
For the case of coherent quantum light emitters, theoretical conceptualization of complex phenomena such as light
amplification and transformation [10,11], scattering [12,13],
and resonance energy transfer [14] are well established. However, due to the incoherent and bulky nature of classical
thermal emitters, the thermal analog of quantum superradiance (thermal superradiance) was not traditionally even
considered a possibility [15]. However, with the emergence of
nanophotonic emitters with augmented capabilities [16–20],
it is currently possible to achieve the subwavelength emitter
placement requirement, and therefore thermal superradiance
has gained significant recent interest [21–25]. A nanophotonic
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superradiant emitter assembly can be practically realized by
carving deep subwavelength slits on nearly perfect electric
conductor (PEC) materials [26,27]. However, it is known that
conventional thermal superradiant emitter assemblies realized
using identical emitters suffer from severe spectral broadening
and hence the superradiant enhancement effect is rendered
ineffectual. Such an assembly of N identical emitters can only
deliver power at a maximum rate of NP [15]. Alternatively,
it is also known that by methodically varying the far-field
coupling rates of the photons (γc ) through carefully varying
the dimensions of each emitter, it is possible to effectively
exploit thermal superradiance. As a result, an emitter assembly
of N emitters can deliver thermal power at an enhanced
rate beyond the conventional NP [22]. While tempting, the
realization of such emitter assemblies poses a fundamental
practical challenge because of the convoluted shapes that are
required to support dimensional variations. Furthermore, both
these approaches narrowly assume that all the emitters in the
assembly comprise the same material, thus confining each
emitter to absorb the generated photons at the same rate (γa ).
In this paper, we build a fully generalized thermal superradiant emitter assembly model that surpasses major restrictions in
current models by handling the tuning of both γc and γa values
for each emitter individually (see Fig. 1), the implications of
which prove to be momentous. Our derivations illustrate that
unforeseen and startling physical phenomena can be observed
in the patterns of the emission spectra for various emitter
configurations. Not only does the modified model have the capability to outperform existing assemblies in the literature, but
also the emission patterns depict electromagnetically induced
transparency like (EIT-like) [28] and superscattering-like [29]
characteristics for different configurations. Furthermore, the
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observed EIT-like dip in the emission spectrum at resonance is
in agreement with a recent observation involving the emission
from a pair of superradiant qubits [30], which in turn strongly
bolsters the validity of our model.
II. PROPOSED GENERALIZED MODEL
A. Analytical emission spectrum

The model we present in this paper is for a completely
generalized superradiant thermal emitter assembly. The analysis is carried out for the general N emitter case. In order
to maintain the effects of superradiance, the emitters in the
assembly are maintained within subwavelength proximity and
perfect symmetry [2]. Mathematical reasoning shows that
the illustrated spherical assembly in Fig. 1, when developed
within subwavelength dimensions, is capable of meeting both
these criteria. Such a spherical assembly can be realized using
near-PEC materials [31,32]. Each emitter therein is assumed
to be uniquely characterizable in terms of both material and
dimensional selection. The flexibility in determining both
these criteria for each emitter gives the model the ability to
individually tune both γa and γc values, which enables the
model to capture myriads of interference patterns that were
unforeseen and disregarded by earlier models [15,22].
In order to benchmark the system characteristics of our
emitter assembly, we rigorously obtain an analytical expression
for the total thermal energy of the system as a function of
angular frequency (ω) using first principles [33–35]. We base
the fundamental analysis of our model on coupled mode theory

FIG. 1. The configuration shown comprises many nanophotonic
thermal emitters engulfed in a spherical, near-PEC body. Each emitter
can be uniquely characterized using a specific absorptive material and
dimensions, thus giving the ability to uniquely define (γa ) and (γc )
for each emitter. The cross section shown in the inset shows how the
emitters unevenly penetrate towards the center of the sphere, thus
capturing the dimensional variability between the emitters. It is noted
that the emitters are arranged symmetrically on the surface of the
sphere such that a given emitter always forms a part of a hypothetical
ring that spans the surface of the sphere. Symmetry akin to this
nature is vital to attain the effects of superradiance when nonidentical
emitters are used.

(CMT) [36–38]. CMT provides a solid platform for analyzing
the behavior of intrinsic electromagnetic fields of an assembly
of nanophotonic emitters (thermal or optical) placed within
subwavelength proximity and has been used extensively in the
literature [39,40]. Although CMT provides a straightforward
and generally comprehensive analysis for the energy emission
at the point of resonance, by definition, the framework tends
to ignore other energy transfers especially akin to nonresonant
modes. Therefore, within this model, we assume that all such
nonresonant modes are sufficiently far away from the main
mode of resonance and contribute less towards the power at
resonance. An emitter system of this nature comprising N
nanophotonic emitters is usually characterized by the emission
cross section (ECS) denoted by N σω . When coupled with
the blackbody spectral density, the total emission from the
assembly can be expressed as


h̄ω2
N
N


P (ω) =
σ (ω),
(1)
−
1)
4π 2 c(exp kh̄ω
T
B
where c is the velocity of light in free space and T is the temperature. The constants h̄ and kB denote the reduced Planck constant and Boltzmann constant, respectively. It is noted that the
equation represents the observed energy value in joules, which
is equivalent to the time integral of the received power [15].
Therefore, the main objective of this paper is to attain
an expression for Nσω , which can be rigorously obtained by
applying the principles of CMT to the system.
For the case of the N -emitter model, the normalized electric
field amplitudes within the emitters can be expressed in matrix
form: aω,t = [a1 ,a2 , . . . ,aN ]T , and it is possible to state the
energy within an arbitrary kth emitter: Ek = |ak |2 . These
electromagnetic amplitudes always fluctuate both as a function
of time (t) and emission angular frequency (ω). Therefore,
CMT allows us to express the partial time derivative form of
the emitters using
∂
√
aω,t = [j ω0 I −  χ −  c −  a ]aω,t + γa n, (2)
∂t
where ω0 is the resonant frequency of the emitter assembly, I
is the N × N identity matrix, and  χ is the matrix representing
the superradiant interactions within the assembly.
Emission processes that involve an absorption component
should be supplemented through the use of random thermal
sources. This requirement is well established in the framework
of the fluctuation dissipation theorem [35] and the emissivity
of the emitter materials of our model makes this a vital requirement. Therefore, we represent the noise source amplitudes by
an N × 1 matrix n. Furthermore, these sources are assumed
to be wide-sense stationary [ ∂t∂ |n(t)|2 = 0] and satisfy the
following relationship [35]:
n∗p (ω)nq (ω ) =
h̄ω

ωT
δ(ω − ω )δpq ,
2π

(3)

where ωT = h̄ω/(e kB T − 1) gives the total photon energy
at an angular frequency of ω, generated by a blackbody at
temperature T . The constants h̄ and kB denote the reduced
Planck constant and Boltzmann constant, respectively. This
relationship will be required later to calculate the emission
cross section of our model.
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FIG. 2. A singular emitter is highlighted to show the operation
parameters of the assembly. The photons emanating from the emitter
are coupled to the far field at a rate of γc and the photons engulfed
within the emitter are absorbed at a rate of γa . Note that each emitter
has a unique configuration of γa and γc , which leads to myriads
of interference configurations, resulting in the observed startling
phenomena.

It is evident from Fig. 2 that a generated photon may
decay via coupling to the far field or via absorption within
the emissive material. For an arbitrary kth emitter, we denote
the photon coupling rate to the far field by γck and the photon
absorption rate by γak . These real-valued emitter parameters
can be formally defined in matrix form as follows:
 c = 21 diag[γc1 . . . γcN ]N×N ,

(4a)

a =

(4b)

1
diag[γa1
2

. . . γaN ]N×N .

It is worth noting that in Eq. (2), all the negative signs
indicate the suppression of electromagnetic amplitude within
the emitter due to photon decay, whereas the positive sign indicates the adhered supplementation according to the fluctuation
dissipation theorem.
B. Presence of superradiance in the model

The main value of our model lies in its ability to have total
control over the effects of superradiance. Superradiance arises
due to the close proximity between emitters, which in essence
persuades them to display coherent characteristics. However,
according to Dicke physics [1], superradiance only occurs in
systems where all atoms are identical; however, due to the presence of strong coherent interactions, certain geometries with
symmetry are also known to exhibit characteristic superradiant
effects [2].
In our model, we use the inter-resonant-emitter indirect
interaction matrix to capture these effects. We mathematically
denote these interactions in matrix form using  χ , which will
be a null matrix once the emitters lose either their symmetry
or proximity. The analytical form of  χ can be formulated
by considering the coupling between a singular resonant kth
emitter and free space as shown in Fig. 3. Due to the infinite
nature of free space, we begin by applying a periodic, parallel
boundary condition, whereby two boundaries with a finite
length of L between them are picked such that the emitter is
placed at the geometric center. Free space conditions will later
be acquired by taking the limit L → ∞. By assuming that the
resonance wavelength of the kth emitter is λ0 , it is possible

FIG. 3. Diagram illustrating the vertical distribution of normalized and orthogonal radiation channels. The kth emitter is located at
the midpoint betwixt the periodic boundaries located a distance of
L apart. The infinite reality of free space is achieved by considering
L → ∞.

to divide the space between the periodic boundary into 2L/λ0
parallel radiating channels, each perpendicular to the x axis
and with a fixed width of λ0 /2. For clarity, since λ0
L, it
is possible to uniquely label each channel using an angle by
considering the circle with a radius of L/2 and centered at
the kth emitter. Assuming an arbitrary channel radiating at an
angle φ has an angular width of δφ, for sufficiently small λ0 ,
simple trigonometric reasoning gives us
sec φ ≈

Lδφ
.
λ0

(5)

Assuming the emitter is an isotropic radiator, within the
periodic boundary, the photon far-field coupling constant can
be expressed as
γck = 2

π/2


γcφk = 2γc⊥k

φ=−π/2

π/2


sec φ,

(6)

φ=−π/2

φ

where γck corresponds to the component of the photon farfield coupling constant along the direction of angle φ and
k
γc⊥
corresponds to the perpendicular projection (along the
φ
direction of y) of γck . It is worth noting that the range of φ
spans the entire circle (−π/2 < φ < π/2). The factor of 2
arises due to the symmetry of the model along the x axis. Using
the relationship from Eq. (5) to recover free-space conditions,
it is possible to continue solving as follows:
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π/2


sec φ,

(7a)

φ=−π/2

≈ 2γc⊥k

π/2
L 
2π L ⊥
δφ ≈
γ .
λ0 φ=−π/2
λ0 ck

(7b)
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φ

This allows us to obtain an analytical expression for γck :


λ0
sec φ = γck sec φ.
γcφk = γck
(8)
2π L
Next we define a matrix formalism to capture the coupling
between all emitters and all channels. In order to do this,
we enumerate all possible channels (2n to be exact) within
the periodic boundary using {φ−n : φ−1 ,φ1 : φn }, where n =
L/λ0 . Let C denote the matrix containing all photon far-field
coupling components between the N emitters and the 2n
channels. Based on Eq. (8), the following can be obtained:

fluctuation dissipation theorem when the used noise sources
illustrate wide-sense stationary characteristics [35]:

 ∞
∞
∗
−j (ω−ω )t ∗


dω
e
ap (ω)aq (ω )dω .
ap (t)aq (t) =
0

0

(16)
Direct association of Eqs. (15) and (16) yields the following
expression for the channel power spectral density:
Pω,φ =

N 
N

p=1 q=1

Cφp ,q =

γcq sec φp ,

(9)

where {(−n  p  n,1 √
q  N ) ∩ (i,j ) ∈ Z}. Note that the
relationship is valid since sec φ > 0,∀{−π/2 < φ < π/2}.
In order to analytically define  χ , we need to consider the
energy conservation within the assembly by analyzing Eq. (2)
for the conservation of inter-emitter energy by assuming that
photon generation and material absorption are curtailed. The
following expression represents the modified situation:
∂ ∗
a aω,t = a∗ω,t [−2( c +  χ )]aω,t .
(10)
∂t ω,t
When applied to the free-space model, the same principle
yields the following relationship:
∂ ∗
a aω,t = a∗ω,t [C ∗ C]aω,t ,
∂t ω,t
which readily resolves into
C ∗ C = −2( c +  χ ).

Since the form of C is known in Eq. (9) and the form of  c is
known by definition in Eq. (4b), simple substitution yields
[

χ ]p,q

=

1
2

γcp γcq (1 − δpq ).

∞

Pω,φ dω = Pt,φ  =

0

N 
N


∗
ap∗ (t)[Cp,φ
Cφ,q ]aq (t).

p=1 q=1

(14)
Substituting values from Eq. (9) yields
∞
0

Pω,φ dω = ap∗ (t)aq (t) γcp γcp sec φ.



(17)

Obtaining an expression for ap∗ (ω)aq (ω ) is possible by
using Eq. (3). It is noted that it is possible to apply CMT
to analyze systems that are both in the weakly coupled and
strongly coupled regimes [41]. However, our proposed model
is exclusively studied in the weakly coupled regime. Therefore,
without losing generality, for an ideal emitter assembly operating within the weakly coupled regime, it is possible to assume
that the electromagnetic amplitude aω,t ≈ aej ωt , where a denotes the slowly varying component of the emitter amplitudes.
Using the partial differential operator yields the expression
∂
a ≈ j ωaω,t . Under this assumption, the following can be
∂t ω,t
obtained using Eq. (2):
aω,t ≈ R  a n,

(18)

where R = [j (ω − ω0 )I +  a +  c +  χ ]−1 .
Now it is possible to rewrite Eq. (17) as follows:
Pω,φ ≈

(13)

In order to obtain an expression for the emission cross
section of our proposed design, it is required to observe spectral
variations of the system. We begin by considering the same
coupling between the arbitrary kth emitter and the radiation
channel at angle φ as depicted in Fig. 3. The power spectrum
of the channel (Pω,φ ) can be defined using the expected value
of time-varying energy relationship for the model given in
Eq. (11). For sake of simplicity, we denote the arbitrary pth
element of aω,t by ap (ω,t), its expected value in the time
domain by ap (t), and its expected value in the angular
frequency domain by ap (ω). This notation allows us to
formulate as follows:

γcp γcq sec φ
0

× e−j (ω−ω )t ap∗ (ω)aq (ω )dω .

(11)

(12)

∞

N 
N

p=1 q=1

× (R

∞
0

γcp γcq
e

j (ω−ω )t

cos φ

N 
N

(R a )∗p,u
u=1 v=1

a )q,v n∗p (ω)nq (ω )dω .

(19)

Mathematically, since { c , χ } ∈ R+ by definition, Pω,φ ∈

R+ . When substituting from Eq. (3), the effect of the ej (ω−ω )t

component is nullified due to the presence of δ(ω − ω ).
Further simplification yields the following expression:
Pω,φ ≈

N
N
N
λ0   
ωT
(R a )∗p,u
2π L cos φ 2π p=1 q=1 u=1

× (R a )q,u γcp γcq .

(20)

The expression in Eq. (20) depicts the power spectrum of the
assembly for a single channel. In order to obtain an expression
for the power spectrum of the assembly for free space, we
need to find the emission cross section of the assembly. This
is readily achieved by normalizing Eq. (20) with the channel
flux density [40], which yields

(15)

An expression for the expected value of electromagnetic
amplitudes ap∗ (t)aq (t) can be obtained from literature on
125406-4
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G4 = (γa1 + γc1 )2 + (γa2 + γc2 )2 + (γa3 + γc3 )2
+ 2(γc1 γc2 + γc1 γc3 + γc2 γc3 ),
G4 = (γa1 γa2 + γc1 γa2 + γa1 γc2 )

γc γc
1
2

(25d)

2

+ (γa1 γa3 + γc1 γa3 + γa1 γc3 )2 + G7 ,

(25e)

G6 = [γa1 γa2 γa3 + γc1 γa2 γa3

γa
1

PEC

+ γa1 γc2 γa3 + γa1 γa2 γc3 ]2 ,

γa
2

G7 = (γa2 γa3 + γc2 γa3 + γa2 γc3 )


+ 2 γa21 γc2 γc3 + γc1 γa22 γc3 + γc1 γc2 γa23 .

(25f)

2

(25g)

C. Validation of analytical expressions

FIG. 4. Simplified configuration shown comprises only two thermal emitters, each with a unique material and a dimensional configuration. This emitter assembly is best realized using PEC deep
subwavelength slits. The emitters have unique absorption rates (γa1
and γa2 ) and far-field coupling rates (γc1 and γc2 ). The various
dimensions aid in retaining a unique resonance frequency across the
emitters. The emission cross section for this assembly is analytically
derived in Eq. (23).

In order to obtain an analytical expression for the N = 2
case shown in Fig. 4, we begin by defining the parameters

1
(22a)
 c = diag γc1 ,γc2 ,
2

1
(22b)
 a = diag γa1 ,γa2 ,
2


√
0
γc2 γc1
1
,
(22c)
χ =
√
γc1 γc2
0
2


√
γc2 γc1
2 −2j − (γa2 + γc2 )
,
R=
√
−2j − (γa1 + γc1 )
γc1 γc2
K
(22d)
where K = 4 − 2j (γa1 + γc1 + γa2 + γa2 ) − (γa1 γc2 +
γc1 γa2 + γa1 γa2 ). Substituting values from Eqs. (22a)–(22d) in
Eq. (21) and simplifying generates the following recipe:




4c γa1 γc1 4 2 + γa22 + γa2 γc2 4 2 + γa21
2
σ (ω) ≈
, (23)
ω0
16 4 + 4 2 F1 + F2
2

where = ω − ω0 is the detuning parameter and the factors F1 = [(γa1 + γc1 )2 + (γa2 + γc2 )2 + 2γc1 γc2 ] and F2 =
(γa1 γa2 + γc1 γa2 + γa1 γc2 )2 .
Following a similar approach, it is possible to obtain the
following lengthy recipe for the N = 3 case:
3

σω ≈

4c γa1 γc1 G1 + γa2 γc2 G2 + γa3 γc3 G3
,
ω0 64 6 + 16 4 G4 + 4 2 G5 + G6

(24)

where
G1 = 16

4

+ 4(γa2 + γa3 )

2

+ γa22 γa23 ,

(25a)

G2 = 16

4

+ 4(γa1 + γa3 )

2

+ γa21 γa23 ,

(25b)

G3 = 16

4

+ 4(γa1 + γa2 )

2

+ γa21 γa22 ,

(25c)

The derived analytical results shown in Eqs. (23) and (24)
are in complete agreement with existing work [15,22] and it
is possible to reproduce existing results by applying restrictive
assumptions. As a proof of mathematical validity of our model,
we now apply the restrictive assumptions to Eq. (23) and
Eq. (24) and replicate the published analytical solutions in [22]
and [15].
We begin by applying the material restriction where γa =
γa1 = γa2 . Our recipe for N = 2 resolves to
2

2

σω,1

4γa c

≈
ω0 4

σω,1 ≈

c
ω0 [4

2


4

2

2


+ γa22 (γc1 + γc2 )


+ γa2 [4

2

+ (γa + γc1 + γc2 )2 ]

4γa (γc1 + γc2 )
,
+ (γa + γc1 + γc2 )2 ]

, (26a)
(26b)

which is in agreement with the observation in [22]. Next we
apply the dimensional restriction where γc = γc1 = γc2 . The
recipe in Eq. (26b) further resolves to
2

σω,2 ≈

c
ω0 [4

2

8γa γc
,
+ (γa + 2γc )2 ]

(27)

which is in agreement with the observation in [15].
A similar approach proves the validity of the model for the
N = 3 case as well where the obtained results are
3

3

σω,1 ≈

c
ω0 [4

σω,2 ≈

c
ω0 [4

2

2

4γa (γc1 + γc2 + γc3 )
,
+ (γa + γc1 + γc2 + γc3 )2 ]

(28a)

12γa γc
.
+ (γa + 3γc )2 ]

(28b)

D. Resonance condition of the assembly

Maintaining the emitter assembly at a uniform resonance
frequency poses a challenge. From a practical perspective,
any pure source has a finite emission linewidth and as a
result, it is possible for an emitter to deviate from the exact
resonant value [42]. However, achieving this requirement for
an emitter assembly comprising emitters of various dimensions
and materials requires careful analysis and poses an onerous
design challenge. Current analysis pertaining to resonance
frequencies of nanophotonic deep subwavelength slits [43–46]
are used to circumvent these issues.
In principle, when the emitter materials and dimensions
are uniform across the assembly (identical emitters), each
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emitter absorbs photons at the same rate and the photon
far-field coupling rates are maintained at a constant rate as
well. When the photon absorption rate constants require being
varied across the assembly, material perturbation theory is
necessary to calculate how the change of materials modifies
the resonance frequency of the cavity. Then it is possible to use
shape perturbation theory to obtain a relationship between the
dimensions of an individual cavity and its resonance frequency.
Using this relationship, it is possible to tune the cavity to
a particular mode, such that it coalesces with the resonance
frequency of the rest of the assembly.
For the case of deep subwavelength slits, rigorous theoretical and experimental efforts have been made towards
understanding the relationship between cavity dimensions and
the resonance frequency [43–45]. However, without losing
generality in most instances, it is sufficient to adopt the simple
approximation proposed by Mata-Mendez and Avendaño for
the same purpose [46]:


2π mcr
ω0 ≈
,
(29)
2.05D + (1.8 + π δm,1 )W
where m denotes the cavity mode number and cr denotes the
speed of light within the emissive material. The dimensions
W and D denote the cavity width and depth, respectively.
Although theoretically simple, the variation of W and D will
obviously result in unfavorable design challenges. However,
due to the flexibility in tuning both γa and γc parameters of
each individual emitter in our assembly, the designer has the
ability to reduce the variation of the parameters W and D, thus
greatly reducing practical complexities.
Steps involved in calculating W and D for a specific
application are comprehensively explained elsewhere in the
literature [22]. For the sake of completeness, the steps are
summarized as follows: Depending on the material used within
the emitter, the absorption rate will vary and the relationship
between the absorption rate, refractive index, and the velocity
of light can be used to obtain cr [40]. Furthermore, a specific
application will require a specific resonant wavelength (ω0 )
for the generated thermal photons. The W parameter of the
first emitter can be picked arbitrarily (say W1 ). Once this is
decided, it is possible to iteratively obtain all the remaining
dimension parameters for the emitter assembly as a function of
the resonant mode (m) and W1 by analytically solving Eq. (29).
Since the resonant modes produce equivalent results [22], m
can be varied arbitrarily and thus, all required dimensions can
be calculated easily.
E. The phenomenon of thermal superradiance

Thermal superradiance follows the same general principles of quantum superradiance [15]. When a group of N
nanophotonic thermal emitters is placed within subwavelength
proximity, the emitted electromagnetic energy interacts with
the entire assembly as a whole, thus giving rise to remarkable
phenomena, best explained using collective quantum opera
N
k
k
k
k
ˆ
tors: Jˆ± = N
i=1 σ̂± and Jz =
i=1 σ̂z , where σ̂z and σ̂± are
the Pauli operators for the kth dipole of a two-level system.
The interaction Hamiltonian for the system is expressed as [2]
Ĥ = −Êd(Jˆ+ + Jˆ− ),

(30)

where Ê and d represent the light field operator and the dipole
matrix, respectively. By using Clebsch-Gordan coefficients
[33], it is possible to obtain
Jˆ± |P ,Q =

(P ± Q + 1)(P ∓ Q)|P ,Q ± 1,

(31)

where P is the eigenvalue of Jˆ2 and Q is the eigenvalue of Jˆz .
When observed closely, Eq. (31) explains a system that moves
along the ladder states of the well known Dicke ladder [1].
The ladder transition rate, for the case of emission, is directly
related to the photon throughput rate of the emitter and can be
expressed as



N
N
±
Q
+
1
∓
Q
,
(32)
=
γ
Q→Q±1
2
2
where γ = 8π 2 d 2 /(30 h̄λ3 ) denotes the free atom decay rate
where 0 is the permittivity of free space, h̄ is the reduced
Planck constant, and λ is the decaying wavelength [6]. The
rate denoted by Q→Q±1 directly corresponds to the emission
power of a given emitter for the transition between the energy
levels Q and Q ± 1.
The ladder midpoint (Q = 0) is of significance here since
around the midpoint, there exists many configurations of
excited atoms that can partake and contribute towards each
energy state [2]. It is well observed that when N  0, precisely
at the ladder midpoint, the rate in Eq. (32) simplifies to
 2
N
.
(33)
0→±1 ≈ γ
2
Based on this, it is evident that under certain conditions, the
constructive interference effects of quantum mechanics can
ephemerally enhance the intensity of thermal delivery [34].
The effect is intrinsically ephemeral due to the fact that the
transitions will eventually depart from the aforementioned ladder midpoint. The duration of the natural form of superradiance
relies on the number of atoms in the system [3].
The sustenance of the superradiance in the steady-state
regime has always been a topic of interest [4,5]. Theoretically,
it is possible to design a photonic cavity or a band-gap crystal
to eliminate undesirable transitions and lock the system at
the desired ladder midpoint transition, thereby successfully
extending the effects of superradiance to the steady-state
regime. This mechanism requires being carefully mediated via
quantum feedback control [6]. The recently developed superradiant laser successfully demonstrated the physical viability
of this proposal [9].
However, unlike quantum superradiance, its thermal counterpart poses an unforeseen challenge in achieving enhancement. For the case of an assembly with identical emitters,
although steady-state superradiance enhances the power delivery by a factor of ≈γ N 2 , power at resonance shows an
anomalous power scaling by a factor of 1/N . This yields the
power delivered at resonance to scale at 1/N × γ N 2 = γ N
and thus the superradiant thermal system fails to outperform
its nonsuperradiant counterpart [15]. However, the literature
shows that with certain methodical modifications to emitter
dimensions, it is possible to preserve the effects of thermal
superradiance at a superlinear power scaling factor. This
tunability is attributed to the fact that emitter dimensions
are directly related to the far-field coupling rate of photons
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(γc ) of each individual emitter. By methodically altering γc
values within the emitter assembly, the power spectrum can
be enhanced to deliver >1/N power scaling at resonance,
resulting in an overall enhancement over the nonresonant
counterpart [22].

(a))
(a
Uniform Case

0.83

8.3

15.77

III. RESULTS
(b)
(b
b)

A. Simulation details

Material Varied Case

0.83

We performed a numerical simulation on the model to
examine and validate the capabilities of the system. We solved
Eq. (1) by using the ECS derived in Eq. (21) to obtain the
emission variation of the assembly against angular frequency.
We limited the simulation to an assembly with N = 5 emitters.
The temperature of the assembly was maintained at 300 K.
We assumed that the velocity of light within each emitter
is 0.013c,0.017c,0.01c,0.017c, and 0.013c, where c is the
velocity of light in free space. For the sake of simplicity, the
widths of the emitters were predetermined to be 30, 50, 100, 50,
and 30 nm. We set an arbitrary resonant wavelength of 8.3 μm
for this simulation. By solving Eq. (29) iteratively, we were able
to obtain the depths of the emitters as 78.9, 162.6, 74.1, 162.6,
and 78.9 nm for the resonant modes m = 2,3,4,3,2 within each
emitter, respectively. The calculated maximum wavelength of
Planck’s emission spectrum for this temperature is 8.28 μm,
which is clearly on the same order of magnitude as the resonant
wavelength of the coupled emitter system. These simulation
results are presented in detail within the following sections.

8.3

15.77

(c)
(c
c)

Dimension Varied Case

0.83

8.3

15.77

(d)

Fully Generalized Case

0.83

8.3

15.77
0

B. Performance enhancement

1

2

3

4

Total Thermal Energy ×10-23 (J)

The main advantage in being able to arbitrarily tune each
emitter with complete flexibility is that it allows the assembly
to be fine-tuned to deliver optimal thermal power at an
application-specific frequency. While the number of emitter
configuration possibilities is countless, a few are demonstrated
here to illustrate how the flexibility can be used to enhance
total power delivery. Note that all results are obtained through
numerically solving Eq. (1) for a five-emitter assembly (N =
5) configuration. Four interesting power emission spectra are
depicted in Fig. 5. The γa and γc values of the center emitter
are maintained the same across each assembly for the ease
of comparison. Each assembly is designed to be symmetric
around the center emitter for simplicity. It is worth noting that
these are not actual design requirements and the versatility
of the proposed emitter model enables us to adopt extremely
liberal (application specific) design conditions.
The first configuration [see Fig. 5(a)] represents the uniform
emitter configuration. Note that the power emission at resonance is anomalously curtailed by a factor of 1/5 as expected
and this mode fails to emit beyond its nonresonant counterpart
[15]. By extending the assembly to comprise three types of
emitters, it is possible to circumvent this hurdle [see Fig. 5(b)].
The outermost emitters tend to absorb photons at a slightly
higher rate than the inner ones and the observable power gain
is apparent in the spectra. The third configuration [see Fig. 5(c)]
corresponds to a setup without material flexibility. Each emitter
has the same photon absorption rate but the photon far-field
coupling rates are varied such that the outermost emitters
couple at a lower rate than the inner emitters. The obtained

FIG. 5. Numerically obtained emission spectra by solving Eq. (1),
together with Eq. (21) for different assemblies comprising 5 emitters
in each. Primary emitter parameters used for the simulation are
γa = 1012 s−1 and γc = 1013 s−1 . (a) The uniform emitter assembly case depicts the expected anomalous power scaling discussed
elsewhere [15]. Each emitter within this assembly uses the parameters γa and 2γc . (b) The material varied emitter configuration
shows a higher power emission at resonance. All emitters have the
same γc parameter and the photon absorption rate parameters are
[1.7γa ,1.6γa ,γa ,1.6γa ,1.7γa ]. (c) The dimensionally varied emitter
configuration achieves a similar power emission at resonance. All
emitters have the same γa value and the photon far-field coupling rate
parameters are [0.5γc ,0.7γc ,γc ,0.7γc ,0.5γc ]. (d) The final assembly is
completely generalized using emitter parameters for photon absorption rates from (b) and photon far-field coupling rates from (c). The
energy values computed at the point of resonance are [1.051, 3.043,
2.975, and 4.155] × 10−23 J, respectively.

gain in this case is approximately similar to the previous
assembly, but involves a more complex design due to high
shape perturbation dependencies [22]. The final configuration
[see Fig. 5(d)] combines both effects. The materials are used in
the same order as configuration (b) and the far-field coupling
constants are varied in the same order as configuration (c). It is
noted that the gain obtained for this configuration outperforms
all other configurations shown.
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C. Startling phenomena

(a)

Depending on the configurations of the individual emitters,
power spectra of various emitter assemblies tend to depict
startling emission spectra similar to those observed in the transmission spectra of EIT and scattering spectra of superscattering
systems. To elucidate this observation: Traditionally, EIT
occurs in atomic systems when two states are coupled through
possible alternative processes where quantum constructive or
destructive interference can modify the total transition probability between energy levels [28,47]. By artificially inducing
such interferences, it has been possible to practically demonstrate the effects of EIT [48]. Theoretically in a three-level
system, EIT is modeled through electromagnetically coupling
the two upper energy levels at a Rabi frequency higher than the
inhomogeneous width of the two lower levels, thus rendering
the generally opaque transition transparent. This interesting
phenomenon has led to many attractive discoveries such as
slow light [49] and stopped light [50] and has given rise
to many applications in fields such as quantum computing
[51] and optics [52]. Superscattering is a relatively new
construct proposed by Fan’s group that explains the significant
increase of the scattering cross section of subwavelength
nanostructures [29]. Several efforts have focused on obtaining
the effects of superscattering since, ranging from the use
of nanospheres [53] to single metallic nanodisks [54]. Both
these phenomena result because of the presence of quantum
interference.
However, the analysis of our model (ECS) is completely
different from the models on which these phenomena are
defined and therefore we refrain from labeling these observations as EIT and superscattering. Instead, due to the similar
characteristics observed, we refer to these observations as
EIT-like and superscattering-like, respectively.
In order to better investigate the emitter assembly and
observe the presence of interference, we need to carefully
analyze the mathematical behavior of the equations. It is clearly
noted that both Eqs. (23) and (24) have resolved to the form of a
division between two polynomials of the detuning parameter.
The majority of the coefficients of both the numerator and
denominator polynomials are self terms where components of
the same emitter are associated together. However, the presence
of cross terms is evident in the constant part of the denominator
polynomial, which is a clear predictor of the presence of
interference effects in the system. When the two emitters are
dissimilar in character, these interferences will intensify, giving
rise to EIT-like and superscattering-like observations.
These vital phenomena are unobserved in previously proposed thermal superradiant systems [15,22] due to their aforementioned inadequacies.
Figure 6 depicts four possible emitter configurations for the
N = 2 case where startling emission phenomena are predicted
by our model (note that these observations are not limited to
the N = 2 case). Furthermore, the left emitter characteristics
are unchanged on all designs for the ease of comparison.
The right emitter is changed in each case to observe the
superscattering-like and EIT-like phenomena. The right emitter
in the first assembly [see Fig. 6(a)] is only slightly different
in character from the left emitter. It has a higher photon
absorption rate and an identical photon far-field coupling rate.

4.15

Superscattering - like

8.3

12.45

(b)

4.15

Superscattering - like

8.3

12.45

(c)

EIT - like

4.15

8.3

12.45

(d)

EIT - like

4.15

8.3

12.45
0

1

2

3

Total Thermal Energy ×10-22 (J)

FIG. 6. Analytically obtained emission spectra by solving Eq. (1),
together with Eq. (23) for different assemblies comprising 2 emitters
in each. Primary emitter parameters used for the computation are γa =
1012 s−1 ,γc = 1013 s−1 . The left emitter in each assembly has the parameters γa and 0.1γc . (a) Superscattering-like emission phenomenon
observed when the right emitter has parameters [1.5γa ,0.5γc ]. (b)
Superscattering-like emission phenomenon observed with a higher
disparity when the right emitter has parameters [15γa ,0.15γc ]. (c)
EIT-like emission phenomenon observed when the right emitter has
parameters [30γa ,4γc ]. (d) EIT-like emission phenomenon observed
with a higher disparity when the right emitter has parameters
[250γa ,70γc ]. The energy values computed at the point of resonance
are [1.633, 2.673, 2.545, 2.063] × 10−22 J, respectively.

The curve shows a characteristic superscattering-like behavior
but due to the approximate similarity of the emitters, it almost
maintains the shape of a perfect Lorentzian. The right emitter
of the second assembly [see Fig. 6(b)] has a photon absorption
rate and a photon far-field coupling rate that is fifteen times
larger than its corresponding left emitter. Due to the prominent
dissimilarity in this case, a much sharper superscattering-like
behavior is observed in this scenario. These superscatteringlike predictions are unobserved in practical or analytical studies
of thermal superradiant emitter systems.
The third assembly [see Fig. 6(c)] has a right emitter that
has a much higher photon absorption rate and a much lower
photon far-field coupling rate when compared with its left
emitter counterpart. Due to the higher absorption, a marked
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destructive interference is observed in this case, which gives
rise to an EIT-like characteristic to the corresponding power
spectrum. The final assembly [see Fig. 6(d)] is an extension
of the previous case. The photon absorption rate of the right
assembly is much larger than the left assembly and the photon
far-field coupling rate is unchanged from the previous right
emitter counterpart. The EIT-like characteristic dip is highly
prominent in this setup and the power emission at resonance
is at the lowest when compared with the other demonstrated
assemblies. These predicted observations are in agreement
with the recent practical observation involving the superradiant
decay of qubits [30].

IV. CONCLUSION AND OUTLOOK

We have analyzed and shown that a fully generalized
superradiant thermal emitter assembly can be tuned to demonstrate various interesting phenomena. We showed that by
methodically varying the absorption and far-field coupling rate
characteristics of the emitters, it is possible to outperform existing emitter models in terms of power delivery at resonance.
This observation is of particular interest to various applications
that require higher thermal power delivery. For instance, photothermal cancer therapy requires the delivery of acute, focused
thermal power onto malignant cells for ablation purposes.
This is a multifaceted problem of recent interest that has
been approached via optimized energy transfer mechanisms
[55], the design of optimized spasers [56–58], and the use of
thermal superradiance itself [22]. The presented enhancement
in this paper will undoubtedly be beneficial towards this regard.
Any other application that requires thermal energy can also
utilize the same technique and perform at a higher efficiency
rate. More importantly, our proposed model has the ability to
utilize thermal superradiance without requiring cumbersome
and practically challenging PEC designs. This not only eases
the task; it also drastically improves the practical viability of
this model.
We have derived and shown that the ECS for the case of two
and three emitter assemblies resolves to a polynomial fraction
of the detuning parameter (ω − ω0 ). This observation is valid
for the case of multiple emitters as well. Furthermore, we
have analytically shown that an assembly of two drastically
disparate nanophotonic emitters placed within subwavelength
proximity and operating in superradiant mode can exhibit
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