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It is shown that elastodynamic reciprocity provides a simpler approach for deriving the far-field displacements due to buried (sub-surface) sources in a half-space, compared with integral transform
techniques. The auxiliary fields employed in this approach are the fields associated with the reflection of plane waves of the three possible polarisations, and the required far field can be expressed in
terms of these well-known auxiliary fields. The crucial step in this approach is to evaluate a surface
integral involving cross-work terms between an outgoing spherical wavefront and the auxiliary
fields consisting of incident and reflected plane waves. This integral can be evaluated by the stationary phase approximation for the two-dimensional case, or by a generalisation of this approximation
for the three-dimensional case. Although this evaluation involves several distinct contributions, the
final result is shown to be very simple, and it can be interpreted as a generalisation of a known
result for the one-dimensional case, whereby the net contribution arises only from counterpropagating waves of the same mode. The results derived for a buried force are extended to the
case of buried cracks by exploiting the body force equivalents for displacement discontinuities
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across a surface. V
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I. INTRODUCTION

Achenbach1 has recently presented an extensive discussion of elastodynamic reciprocity, including several examples of practical applications.2–10 He noted that the solutions
obtained via reciprocity can often be derived in an equally
simple or simpler manner by other approaches, notably integral transform techniques. However, that is not the case for
buried source problems in a half-space, or half-plane, for
which reciprocity provides a simpler and more elegant
approach. This has been illustrated for laser-generated ultrasound,5,6 and more recently for a Mode I crack as a source of
acoustic emission.10 However, these illustrations have
focussed on deriving only the surface wave motions due to
those sources. In many contexts, it is also of interest to characterise the far-field bulk-wave radiation or scattering patterns due to buried sources or scatterers. The aim of this
paper is to show that an application of reciprocity again provides a simple and elegant approach for this purpose.
The appropriate auxiliary solution that will be employed
is the well-known solution for the reflection of a plane wave
at the traction-free boundary of a half-space (or halfplane).11–13 For the two-dimensional (2D) case, the crucial
step in implementing the reciprocity approach turns out to be
the use of the stationary phase approximation to evaluate the
cross-work term between an outgoing circular wavefront,
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and the (total) field due to an incoming plane wave. For the
three-dimensional (3D) case, a multi-dimensional extension
of the stationary phase approximation is required to evaluate
this cross-work term between an outgoing spherical wavefront and the field due to an incoming plane wave. In both
cases, a detailed consideration of all the contributions to this
cross-work term is lengthy, but the final result conforms to a
simple rule that is a straightforward generalisation of a
known result for the one-dimensional case.1
The present work is motivated by applications to structural health monitoring14,15 where it is of interest to characterise Lamb wave scattering by cracks and delaminations in
plate-like structures, particularly when these forms of damage occur at or near the boundary of a hole or a straight
edge.16–19 Representations for the scattered field due to
cracks and delaminations have the same form as the representations for the radiated field due to crack-like sources,
except that the source density is an induced source density
that depends on the incident field.20–25 In general, this
induced source density can only be determined computationally,26–30 but it is often sufficient to estimate the source density by using, for example, a quasi-static approximation that
is appropriate in the short crack (or long wavelength) limit.31
Indeed, in that limit, the radiated or scattered field from a
crack can be approximated by a point source consisting of a
particular combination of force doublets (or dipoles), which
represents the field due to an infinitesimal crack element.20–23 The present work will only consider in detail the
field for a buried force or crack element in a half-plane or
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half-space, but it will be clear that the approach is also advantageous for any configuration for which there is a convenient
analytical solution for the field due to an incident plane wave.
This includes therefore the case of cracks and delaminations
at or near the boundary of circular or spherical holes.32
The paper is organised as follows. The buried source
problem is formulated in Sec. II for a 2D point force (or line
load), and a solution based on reciprocity is presented. The
key step in deriving this solution is considered in detail in
Sec. III, where it is shown that an application of the stationary
phase approximation leads to a simple rule for evaluating the
cross-work surface integral. This approach is extended to the
3D problem for a buried force in Sec. IV, which requires an
extension of the stationary phase approximation to multidimensional integrals.33,34 This solution serves as the building
block for the representation of the radiated or scattered field
due to various sources or scatterers. The case of a 3D cracklike scatterer is considered in Sec. V where it is shown that
reciprocity leads to a compact representation for the far-field
displacements. These compact representations for buried sources constitute the novelty in the present work relative to the
existing literature. Finally, some straightforward generalisations of the present approach are briefly noted in Sec. VI.
II. SOLUTION FOR A TWO-DIMENSIONAL BURIED
FORCE

The reciprocal theorem for time-harmonic elastic fields
can be stated as follows (Ref. 1, Sec. 6.2):
ð
ð
ðf A  uB  f B  uA ÞdV ¼ ðTB  uA  TA  uB ÞdS;
(1)
V

S

where u, f denote, respectively, the elastic displacement and
the body force for two states identified by the superscripts A,
B, with the time factor eixt omitted, and T denotes the corresponding traction vector, i.e., Ti ¼ rji nj where rij denotes
the stress tensor, n ¼ nj the outward normal to the closed
surface S, and the summation convention over repeated subscripts applies. To illustrate the application of this theorem
for buried sources, consider first the 2D plane strain problem
for a point force in an isotropic half-plane. State A is chosen
to be the solution of the equations of motion
2

2

ðk þ lÞrr  u þ lr u þ qx u ¼ f ;

(2a)

where k; l denote the Lame parameters, q the density, and
the body force is given by
fx ¼ PdðxÞdðy  lÞ;
fy ¼ 0;

(2b)

with d denoting the Dirac delta function, corresponding to a
horizontal force as shown in Fig. 1. This solution is subject
to the traction-free boundary condition
T¼0

on

y ¼ 0;

(2c)

and the requirement of representing outgoing waves, in
accordance with the Sommerfeld radiation condition. The
far field can therefore be expected to consist of outgoing
2980
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FIG. 1. (Color online) The two-dimensional configuration for a buried point
force in a half-plane y  0 showing the volume V and surface S employed in
Eq. (1), as well as the incident plane wave that generates the required auxiliary field.

longitudinal and transverse waves travelling with speeds
cL ; cT , respectively, and with amplitude exhibiting the characteristic inverse-square-root spatial decay for 2D wave
motion. Thus, an appropriate ansatz for the far field is
uAr  ALx ðhÞXðkL rÞ;
uAh  ATx ðhÞXðkT r Þ;
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i ikr
ð
Þ
e ;
X kr ¼
8pkr

(3)

where r; h denote polar coordinates, kL ¼ x=cL ; kT ¼ x=cT
the wavenumbers, and the symbol  is used here and in the
sequel to denote asymptotic equality, i.e., omitting terms that
are asymptotically negligible compared with the retained term
for kr  1, where k ¼ kL or kT : The functions AL ; AT characterising the angular dependence remain to be determined.
Before proceeding, it is noted that the function X in Eq.
(3) is the far-field asymptotic expansion of the free-space
Green function for the 2D scalar wave equation. More precisely, this Green function is the solution of
r2 G þ k2 G ¼ dðxÞdðyÞ;

(4a)

that satisfies the Sommerfeld radiation condition. This solution is given by (Ref. 1, Sec. 6.6)
i ðÞ
Gðr; hÞ ¼ H01 ðkr Þ  XðkrÞ:
4

(4b)

This choice for the radial dependence in the ansatz corresponds to that used for defining the scattering amplitude in
the context of diffraction tomography.35–38
State B is chosen to be the field due to an incident plane
wave that also satisfies the traction-free boundary condition
in Eq. (2c). More precisely, to determine ALx ; the incident
wave must be chosen to be a longitudinal wave (P-wave) of
unit amplitude, given by
uIL ðx; yÞ ¼ d 0 eikL ax ;
d 0 ¼ a ¼ ðcos h0 ; sin h0 Þ;

(5)

with a denoting the unit vector in the direction of propagation, as indicated schematically in Fig. 1, and d 0 the unit
vector characterising the polarisation of the incident wave.
The total field due to this incident wave will be denoted by
Rose et al.

uBL ðx; y; h0 Þ: This field is well known.1,11–13 It consists of
the incident wave and two reflected plane waves, as follows:
BL

IL

RL

u ðx; y; h0 Þ ¼ u þ A11 u
uRL ¼ d 1 eikL bx ;

RT

þ A21 u ;

b ¼ d 1 ¼ ðcos h0 ; sin h0 Þ;

uRT ¼ d 2 eikT cx ; c ¼ ðsin w0 ; cos w0 Þ;
d 2 ¼ ðcos w0 ; sin w0 Þ;

(6a)
(6b)

(6c)

j sin w0 ¼ cos h0 ; j ¼ cL =cT ¼ ½2ð1  tÞ=ð1  2tÞ1=2 ;
(6d)
A11 ¼ ðsin 2/0 sin 2w0  j2 cos2 2w0 Þ=D;

(6e)

A21 ¼ ð2j sin 2/0 cos 2w0 Þ=D;

(6f)

/0 ¼ p=2  h0 ;

D ¼ sin 2/0 sin 2w0 þ j2 cos2 2w0 :
(6g)

The key features of this solution are (i) the x-component of
the reflected wave vectors must be equal to that of the incident wave, in accordance with Snell’s law; (ii) the propagation vectors b; c; and polarisations are therefore given by
Eqs. (6b), (6c), and the reflection coefficients A11 ; A21 ; are
readily derived from the boundary condition Eq. (2c).
Because the geometry does not involve any characteristic
lengths, these reflection coefficients do not depend on frequency (or wavelength): they only depend on the angle of
incidence h0 (measured from the x axis, as indicated in Fig.
1), and the Poisson ratio t, through the parameter j defined
in Eq. (6d).
On applying Eq. (1) to these two states, one finds that
the left-hand side (LHS) reduces to PuBL
x ð0; l; h0 Þ; by virtue
of Eq. (2b) and noting that f B ¼ 0; whereas the right-hand
side (RHS) will be shown in Sec. III to reduce to ðk
þ2lÞALx ðh0 Þ; thereby leading to
ALx ðh0 Þ ¼ 

1
PuBL ð0; l; h0 Þ:
k þ 2l x

(7)

Next, to determine ATx in Eq. (3), the incident wave is
chosen to be a transverse wave of unit amplitude incident at
an angle h0 to the x axis, as specified by
uIT ðx; yÞ ¼ d 0 eikT ax ;
a ¼ ðcos h0 ; sin h0 Þ;

d 0 ¼ ðsin h0 ; cos h0 Þ:

(8)

The total field can again be expressed as the sum of three
plane waves, as follows:1,11–13
uBT ðx; y; h0 Þ ¼ uIT þ A12 uRL þ A22 uRT ;

(9a)

uRL ¼ d 1 eikL bx ; b ¼ d 1 ¼ ðsin /0 ; cos /0 Þ;
sin /0 ¼ j cos h0 ;

(9b)

uRT ¼ d 2 eikT cx ;

c ¼ ðcos h0 ; sin h0 Þ;

d 2 ¼ ðsin h0 ; cos h0 Þ;

(9c)

A12 ¼ ðj sin 4w0 Þ=D;

(9d)
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A22 ¼ ðsin 2/0 sin 2w0  j2 cos2 2w0 Þ=D;

(9e)

w0 ¼ p=2  h0 ; D ¼ sin 2/0 sin 2w0 þ j2 cos 2w0 :

(9f)

It is noted that in this case, the character of the solution is
different for values of the incident angle h0 below a critical
value hc defined by j sin hc ¼ 1: For h0 ¼ hc the reflected
longitudinal wave is at grazing incidence, i.e., the wave vector is aligned with the negative x axis; for 0 < h0 < hc ; the
reflected longitudinal wave is an inhomogeneous plane
wave, still propagating in the direction of the negative x
axis, but with an amplitude that decays exponentially with
depth y from the boundary y ¼ 0:
With this choice for the B-state, and the ansatz in Eq.
(3) for the A-state, Eq. (1) now leads to
1
ð0; l; h0 Þ:
ATx ðh0 Þ ¼  PuBT
l x

(10)

Thus, it can be seen that an application of reciprocity leads
to a compact expression for the angular dependence of the
far field due to a buried horizontal force, involving only the
well-known solution for plane wave reflection in a halfplane. Furthermore, the notation clearly suggests how the
result might be extended to a point force of arbitrary direction. The preceding analysis can be repeated for a vertical
force, leading to the same results as in Eqs. (7) and (10), but
with the x-component of the B-field replaced by the ycomponent.
These results can now be combined to obtain the farfield solution of Eqs. (2a) for an arbitrarily directed body
force acting at an arbitrary point n; as specified by
f ¼ Fdðx  nÞ

(11a)

in a half-plane y  0 subject to the traction-free boundary
condition Eq. (2c) and the Sommerfeld radiation condition,
in the following form:
ur ðr; hÞ  AL ðhÞXðkL rÞ;

(11b)

uh ðr; hÞ  AT ðhÞXðkT rÞ;

(11c)

AL ðh0 Þ ¼ 

1
F  uBL ðn; h0 Þ;
k þ 2l

(11d)

1
AT ðh0 Þ ¼  F  uBT ðn; h0 Þ;
l

(11e)

where uBL and uBT are the fields given by Eqs. (6) and (9),
corresponding to the reflection of an incident longitudinal or
transverse plane wave, respectively.
It is worth pointing out that the preceding derivation
based on reciprocity is definitely simpler than the alternative
approach based on integral transforms, which would require
a separate representation for the potentials in the domains
0  y < l and l < y < 1; leading to a requirement to solve
a set of six simultaneous equations for six unknown coefficients, so as to satisfy the matching and boundary conditions
on y ¼ l and y ¼ 0:39,40 By contrast, for the case of surface
forces, the integral transform approach would only require
Rose et al.
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the solution of two simultaneous equations for two unknown
coefficients, which can be considered to be a comparable
level of simplicity to the solution for plane wave reflection
that also requires the solution of two simultaneous equations
to determine the reflection coefficients.

the retained term for kR  1; where k ¼ kL or kT : Thus, for
I1 ; the stationary phase condition occurs for h ¼ h0 ; which
leads to
rﬃﬃﬃﬃﬃﬃﬃﬃ
2pi L
(14a)
A ðh0 ÞeikL R ;
I1 
kL R x

III. EVALUATION OF THE SURFACE INTEGRAL

We return now to evaluating the surface integral on
the RHS of Eq. (1) for the case of a horizontal force and
an incident longitudinal wave, i.e., for state A given by Eq.
(3) and state B by Eq. (6). The surface S is taken to be a
closed curve consisting of a straight segment R < x < R
along the x axis, closed by a semi-circle of radius R, as
shown in Fig. 1. The integral along the straight segment
vanishes in view of the traction-free boundary condition
Eq. (2c) that applies for both states, leaving only the integral around the semi-circle.
Consider first the contribution from the second term on
the RHS of Eq. (1), which leads to
ðp
ð
A BL
TA  uB dS ¼ R ðrArr uBL
r þ rrh uh Þdh
S

0

¼ iðk þ 2lÞkL RXðkL RÞfI1 þ A11 I2 þ A21 I3 g
 ilkT RXðkT RÞfI4 þ A11 I5 þ A21 I6 g;
(12a)
where we have used the asymptotic expressions for the stress
components of the A-field, viz.,
rArr  ðk þ 2lÞuAr;r ¼ iðk þ 2lÞkL XðkL RÞALx ðhÞ;
rArh  luAh;r ¼ ilkT XðkT RÞATx ðhÞ;

(12b)

and a comma preceding a subscript indicates as usual a partial derivative with respect to that subscript. The three terms
in each of the curly brackets in Eq. (12a) arise from the three
plane waves constituting the B-field, as indicated in Eq. (6a).
Consequently, evaluating Eq. (12a) reduces to evaluating the
following six integrals:
ðp
(13a)
I1 ¼ ALx ðhÞ cosðh  h0 ÞeikL R cosðhh0 Þ dh;
0

I2 ¼

ðp
0

I3 ¼

ðp
0

I4 ¼

ðp
0

I5 ¼

ðp
0

I6 ¼

ðp
0

and for I3 the stationary phase condition occurs for h ¼ w0
þp=2; leading to
I3  0;

(14c)

because of the term cosðh  w0 Þ in the integrand.
This last result has an intuitively plausible physical
interpretation: it indicates that the cross-work term corresponding to the work done by the radial stress component of
state A, which propagates with speed cL ; working through
the displacement associated with the mode-converted transverse plane wave of state B, which propagates with a different speed cT , is asymptotically equal to zero for large R. For
the same reason, it is found that
I4  0;

(14d)

I5  0;

(14e)

whereas
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2p T 
A w þ p=2 eikT R :
I6 
ikT R x 0

(14f)

The same approach can now be used to evaluate the first
term on the RHS of Eq. (1), to obtain
ð
ðp
B
A
A
BL A
T  u dS ¼ R ðrBL
rr ur þ rrh uh Þdh
S

0

¼ iðk þ 2lÞkL RXðkL RÞ
ALx ðhÞ cosðh þ h0 ÞeikL R cosðhþh0 Þ dh;

(13b)

ALx ðhÞ cosðh  w0 ÞeikT R sinðhw0 Þ dh;

(13c)

ATx ðhÞ sinðh

 h0 Þe

ikL R cosðhh0 Þ

dh;

(13d)

ATx ðhÞ sinðh þ h0 ÞeikL R cosðhþh0 Þ dh;

(13e)

ATx ðhÞ sinðh  w0 ÞeikT R sinðhw0 Þ dh:

(13f)

For large values of R, these integrals can be evaluated by the
stationary phase approximation,11 which is asymptotically
exact, i.e., the neglected terms are negligible compared with
2982

whereas for I2 the stationary phase condition occurs for
h ¼ p  h0 ; leading to
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p L
A ðp  h0 ÞeikL R ;
I2  
(14b)
ikL R x
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fI7 þ A11 I8 þ A21 I9 g
 ilkT RXðkT RÞfI10 þ A11 I11 þ A21 I12 g:
(15)
It can again be verified that only three of these six new integrals are non-zero, viz., I7 ; I8 ; and I12 : Moreover, two of
those non-zero integrals cancel the corresponding terms in
Eqs. (14), leading to
I1 þ I7 ¼ 2I1 ;
I2 þ I8 ¼ 0;
I6 þ I12 ¼ 0:

(16)

These results can now be substituted in Eqs. (12) and (15) to
obtain the result previously stated in Sec. II, Eq. (7), thereby
completing the required proof.
Rose et al.

It can be observed that, although the detailed derivation
is lengthy, because it involves a consideration of 12 distinct
contributing terms, the final result is very simple: the net
contribution to the RHS of Eq. (1) arises from the terms
leading to the integrals I1 and I7 : These terms arise from the
counter-propagating longitudinal waves in the two states A
and B. The stationary phase approximation results in an
effect similar to that of a Dirac delta function, in the sense
that the RHS of Eq. (1) only depends on the angular factor
ALx ðhÞ for h ¼ h0 ; which is the angle of incidence of the longitudinal plane wave employed for state B, and which also
corresponds to the stationary phase condition for I1 and I7 :
The stationary phase approximation also leads to non-zero
integrals for the terms corresponding to waves of the same
mode propagating in the same direction, but these contributions cancel out between the two terms on the RHS of Eq.
(1). These results can be regarded as a generalisation to 2D
elasticity of the corresponding result for 1D wave propagation, as presented in Ref. 1, Sec. 1.5, but noting the following
differences: (i) there are now two bulk-wave modes, and the
non-zero contribution arises only from the counterpropagating waves of the same mode; and (ii) the choice for
the auxiliary state now entails specifying a particular angle
of incidence, in addition to a direction of propagation, and
the contribution from the counter-propagating waves arises
only from that particular angle.
The preceding analysis can now be repeated to derive
the result stated in Eq. (10) for the transverse wave component of the far field, Eq. (3), by employing as state B the field
due to an incident transverse wave, as given by Eq. (9). As
noted in Sec. II, the mode-converted wave in this case is an
inhomogeneous plane wave for a certain range of incident
angles. However, this does not affect the above simple rule,
because the mode-converted wave again makes no contribution to the RHS of Eq. (1).
IV. THREE-DIMENSIONAL SOLUTION FOR A BURIED
POINT FORCE

There are two points of novelty when applying reciprocity to derive the 3D analogue of the results presented in Sec.
II for a 2D buried force, viz., (i) a multi-dimensional generalisation of the stationary phase approximation is
required;33,34 (ii) the auxiliary field must now include the
anti-plane field due to the reflection of a shear horizontal
(SH) wave,11–13 in addition to the plane strain fields that
were employed in Sec. II. Accordingly, the field that was
previously described in Sec. II as being due to a transverse
incident wave will now be identified as being due to an incident shear vertical (SV) wave, for clarity.

as shown in Fig. 2, and we again require the solution that satisfies the Sommerfeld radiation condition. Thus, a suitable
ansatz for the far field is now
uAr ðr; h; uÞ  ALx ðh; uÞKðr; kL Þ;

(18a)

uAh ðr; h; uÞ  ASV
x ðh; uÞKðr; kT Þ;

(18b)

uAu ðr; h; uÞ  ASH
x ðh; uÞKðr; kT Þ;

(18c)

Kðr; kÞ ¼

eikr
;
4pr

(18d)

where ðr; h; uÞ denote spherical polar coordinates, and
Kðr; kÞ is the free-space Green function for the 3D scalar
wave equation, i.e., the 3D analogue of Eq. (4). The corresponding stress components that will be required for evaluating the RHS of Eq. (1) are
rArr  ðk þ 2lÞuAr:r ¼ iðk þ 2lÞkL Kðr; kL ÞALx ðh; uÞ;
(19a)
rArh  luAh;r ¼ ilkT Kðr; kT ÞASV
x ðh; uÞ;

(19b)

rAru  luAu;r ¼ ilkT Kðr; kT ÞASH
x ðh; uÞ:

(19c)

The auxiliary fields chosen for state B are the fields generated by incident plane waves of three different polarisations, identified by superscripts L, SV, and SH. Thus, to
determine ALx ðh; uÞ; for a particular direction ðh0 ; u0 Þ, the
appropriate B-field is that due to an incident longitudinal
wave of unit amplitude given by
uIL ðx; y; zÞ ¼ d 0 eikL ax ;
d 0 ¼ a ¼ ðsin h0 cos u0 ; sin h0 sin u0 ; cos h0 Þ:

(20)

This field is denoted by uBL ðx; y; z; h0 ; u0 Þ; and it is important to note that despite the 3D setting, this is the same 2D
plane-strain field that was employed in Sec. II, but rotated
about the z-axis through an angle u0 . Therefore, one can
again write

A. Solution for a horizontal force

Let state A represent the solution of the 3D version of
Eqs. (2a) and (2c), with the body force f now specified by
fx ¼ PdðxÞdðyÞdðz  lÞ;
fy ¼ fz ¼ 0;
J. Acoust. Soc. Am. 142 (5), November 2017

(17)

FIG. 2. (Color online) The three-dimensional configuration for a buried
point force in a half-space z  0 showing the volume V and surface S
employed in Eq. (1), as well as the incident plane wave that generates the
required auxiliary field.
Rose et al.

2983

uBL ðx; y; z; h0 ; u0 Þ ¼ uIL þ A11 uRL þ A21 uRSV ;

(21)

where the reflected plane waves uRL and uRSV are also rotated
through the same angle u0 , and the reflection coefficients
A11 ; A21 are those given earlier by Eqs. (6e) and (6f), but
care is required in transcribing these coefficients, as well as
the detailed expressions for the displacement and stress components, due to differences in notation between the 3D case
and the 2D case presented in Sec. II. In particular, h now
denotes the polar angle measured from the z-axis, rather than
the x axis, and the z-axis now corresponds to the y-axis for
the 2D case.
To evaluate Eq. (1), S is taken to be the surface of a
hemi-spherical domain V of radius R > l, as indicated in
Fig. 2. The LHS reduces to PuBL
x ð0; 0; l; h0 ; u0 Þ; by virtue of
Eq. (17), and recalling that f B ¼ 0: As for the RHS, the
integral over the flat portion z ¼ 0 again vanishes by virtue
of the boundary condition in Eq. (2c), which applies for
both states A and B, leaving the integral over the hemispherical surface, which can be expressed as follows:
RHS Eq:ð1Þ ¼ R2

ð 2p ð p=2
0

ðTB  uA  TA  uB Þ sinhdhdu:

0

be evaluated asymptotically for large kR by an extension of
the stationary phase approximation to multi-dimensional
integrals.33,34 For the purposes of illustration, it will suffice
to note here the result for I1 , which arises from the stationary
phase condition for h ¼ h0 ; u ¼ u0 ; so that cos v ¼ 1;
I1  i2pALx ðh0 ; u0 Þ

eikL R
:
kL R

(23c)

Each of the three terms in Eq. (22b) will lead to three
integrals, and the first term in Eq. (22a) will also lead to nine
integrals. For brevity, these integrals will not be presented in
detail here. It is sufficient to note that the stationary phase
approximation again leads to the same conclusion as in Sec.
III for the 2D case, viz., (i) integrals like I3 arising from
cross terms involving waves of different modes vanish
asymptotically; (ii) integrals like I2 arising from cross terms
involving waves of the same mode propagating in the same
direction are non-zero, but these contributions cancel out
between the two terms in Eq. (22a). Thus, the simple rule
again applies: the RHS of Eq. (1) can be evaluated by using
double the value associated with the integral I1 which arises
from counter-propagating waves of the same mode. This
leads to the result

(22a)
Each of the terms in this integral involves several contributions arising from the various plane waves comprising the Bfield, which leads to integrals involving different exponentials. For example, the second term of Eq. (22a) leads to
R2

ð 2p ð p=2
0

0

A BL
A BL
ðrArr uBL
r þ rrh uh þ rru uu Þ sin hdhdu:

(22b)
Using Eqs. (19)–(21), the first term of this expression can be
further expanded as follows:
R2

ð 2p ð p=2
0

0

rArr uBL
r sin hdhdu

¼ iðk þ 2lÞkL R2 KðR; kL ÞfI1 þ A11 I2 þ A21 I3 g:
(22c)
Here I1 is the 3D analogue of the integral defined by Eq.
(13a), which is now given by
I1 ¼

ð 2p ð p=2
0

0

ALx ðh; uÞeikL R cos v cos v sin hdhdu;

(23a)

cos v ¼ ^r 0  x^ ¼ sin h sin h0 cosðu  u0 Þ þ cos h cos h0 ;
(23b)
where v denotes the angle between the unit vectors ^r 0 ¼ a;
and x^ ¼ x=jxj, and ^r 0 can be regarded as pointing in the
direction of the source of the incident plane wave. The integrals I2 and I3 are similarly the 3D analogues of the integrals
defined by Eqs. (13b) and (13c), with the exponential terms
in these integrals again arising from expressing a plane wave
in terms of spherical polar coordinates. These integrals can
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L
PuBL
x ð0; 0; l; h0 ; u0 Þ ¼ ðk þ 2lÞAx ðh0 ; u0 Þ;

(24)

thereby providing an explicit solution for ALx ðh; uÞ in terms
of the known B-field.
This procedure can now be repeated to determine the
two other angular functions in Eqs. (18b) and (18c).
However, the pattern for this derivation is now clear, and it
will suffice to record next the result for the general case of a
buried force.
B. Solution for a point force of arbitrary orientation

For ease of reference, we shall summarize here the problem formulation as well as the solution obtained by applying
the reciprocal relation in Eq. (1).
The far-field displacements corresponding to the solution of the 3D time-harmonic equations of motion for an
arbitrarily oriented point force given by
ðk þ lÞrr  u þ lr2 u þ qx2 u ¼ f ;

(25a)

f ¼ Fdðx  nÞ;

(25b)

n ¼ ðn; g; fÞ;

f > 0;

in a half-space z > 0 subject to the traction-free boundary
condition.
T ¼ rji nj ¼ 0

on

z ¼ 0;

(25c)

with n ¼ ð0; 0; 1Þ; and the Sommerfeld radiation condition, can be derived from Eq. (1) in the following form:
ur ðr; h; uÞ  AL ðh; uÞKðr; kL Þ;

(26a)

uh ðr; h; uÞ  ASV ðh; uÞKðr; kT Þ;

(26b)

uu ðr; h; uÞ  ASH ðh; uÞKðr; kT Þ;

(26c)
Rose et al.

Kðr; kÞ ¼

eikr
;
4pr

(26d)

with
AL ðh0 ; u0 Þ ¼ 

1
F  uBL ðn; ^r 0 Þ;
kþl

(26e)

1
ASV ðh0 ; u0 Þ ¼  F  uBSV ðn; ^r 0 Þ;
l

(26f)

1
ASH ðh0 ; u0 Þ ¼  F  uBSH ðn; ^r 0 Þ;
l

(26g)

^r 0 ¼ ðsin h0 cos u0 ; sin h0 sin u0 ; cos h0 Þ;

(26h)

where uBL ;uBSV ; uBSH ; denote, respectively, the auxiliary
fields generated by an incident longitudinal, shear vertical,
and shear horizontal plane wave, with propagation direction
given by ^r 0 : The fields uBL ;uBSV are the plane-strain fields
given by Eqs. (6) and (9) but rotated around the z-axis
through an angle u0 ; keeping in mind the differences in notation between the 3D and 2D coordinates. The field uBSH is
similarly obtained by rotating the anti-plane field due to an
incident unit amplitude shear-horizontal plane wave in a
traction-free half-space.11–13 Thus, by reducing the solution
for a buried point force to the well-known solutions for plane
wave reflection in a traction-free half space, the reciprocal
relation Eq. (1) can justifiably be claimed to provide a simpler solution than would be obtained from a direct application of integral transform techniques.

denotes an infinitesimal element of area on the surface R:
The displacement discontinuity that serves as the source
strength in Eq. (27b) must generally be determined computationally. In the case of the radiated field due to crack growth,
the time evolution of the surface R must also be determined,
which requires a time-domain formulation.26–29 However,
valuable insights can often be obtained by using various
approximations. In particular, it is useful to consider the
point-scatterer limit for which the source strength can be
specified in terms of Dirac delta functions.
A case of particular interest is a Mode I (tensile) crack
element, with the crack surface R lying in the yz-plane, i.e.,
n ¼ ð1; 0; 0Þ in Fig. 3, which can be specified as follows
Dux ¼ UdðyÞdðz  lÞ on

x ¼ 0;

Duy ¼ Duz ¼ 0;

V. SOLUTION FOR BURIED CRACKS

The solution derived in Sec. IV for a point force provides the Green function that underpins representation theorems for the radiated or scattered field due to crack-like
sources and scatterers,20,21,23–25 as well as volume sources
and inhomogeneities,21,22 in a half-space. In particular, a
crack or delamination can be modelled as an open surface R
across which the elastic displacement can be discontinuous.
This discontinuity is quantified by
DuðxÞ ¼ uþ ðxÞ  u ðxÞ;

FIG. 3. (Color online) A surface of displacement discontinuity R; representing a crack or delamination in a half-space z  0:

(27a)

where uþ denotes the displacement on the top face of R; as
indicated by the specified direction for the normal vector n
in Fig. 3, and u denotes the displacement on the bottom
face. The time-harmonic scattered field due to the crack can
then be expressed as follows:20,21
ð
um ðxÞ ¼ Dui ðnÞcijkl Gmk;l ðx; nÞnj dRðnÞ;
(27b)

(28)

where the source strength U represents the crack volume,
i.e., the integral of the crack opening Dux over the area R,
which can be estimated by a quasi-static approximation for
small cracks (relative to the wavelength),31 and the location
ð0; 0; lÞ can be regarded as the centroid for this volume. On
substituting Eq. (28) into Eq. (27), the integral can be interpreted as the field due to a particular combination of force
doublets (or dipoles) as shown in Fig. 4.20,21 This equivalence means that the field due to the crack element in Eq.
(28) can also be specified as the solution of Eq. (25a) with
the body force specified as follows:

R

where cijkl denotes the elasticity tensor, which can be
expressed in terms of the Lame parameters for an isotropic
material,
cijkl ¼ kdij dkl þ lðdik djl þ dil djk Þ;

(27c)

whereas Gij ðx; nÞ denotes the Green function representing
the ith component of displacement at a field point x due to
the jth component of force applied at the point n, and dRðnÞ
J. Acoust. Soc. Am. 142 (5), November 2017

FIG. 4. (Color online) The force doublets comprising the body force equivalent for a Mode I crack element, with the crack lying in the plane x ¼ 0.
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2985

fx ¼ ðk þ 2lÞUd0 ðxÞdðyÞdðz  lÞ;

(29a)

fy ¼ kUdðxÞd0 ðyÞdðz  lÞ;

(29b)

fz ¼ kUdðxÞdðyÞd0 ðz  lÞ:

(29c)

The advantage of this alternative specification is that the
field can be easily derived by applying Eq. (1). Consider, for
example, the case of a horizontal doublet, specified by
fx ¼ ðk þ 2lÞUd0 ðxÞdðyÞdðz  lÞ;
fy ¼ fz ¼ 0:

(30)

By following the approach presented in Sec. IV A for a horizontal force, one would now obtain, instead of Eq. (24),
L
Uðk þ 2lÞuBL
x;x ð0; 0; l; h0 ; u0 Þ ¼ ðk þ 2lÞAx ðh0 ; u0 Þ:

(31)
The reason for retaining the factor ðk þ 2lÞ on both sides of
Eq. (31) is to make it easier to see that by summing the contributions from the three doublets in Eq. (29), one would
obtain
L
UrBL
xx ð0; 0; l; h0 ; u0 Þ ¼ ðk þ 2lÞAx ðh0 ; u0 Þ:

(32)

This derivation can be repeated for the other angular functions to show that the far field due to the Mode I crack element specified by Eq. (28), or equivalently by Eq. (29), is
given by the ansatz in Eq. (18) with

AL ðh0 ; u0 Þ ¼

1
Uj rBL
r 0 Þni ;
ji ðn; ^
k þ 2l

(34b)

1
r 0 Þni ;
ASV ðh0 ; u0 Þ ¼ Uj rBSV
ji ðn; ^
l

(34c)

1
r 0 Þni :
ASH ðh0 ; u0 Þ ¼ Uj rBSH
ji ðn; ^
l

(34d)

Whilst this result is of interest in its own right, as a
point-scatterer approximation for buried cracks, it can also
be used as the building block for representing the far field
due to an arbitrary displacement discontinuity DuðxÞ across
an arbitrary surface R, as shown in Fig. 3. This far field is
again given by Eqs. (26a)–(26d) with
ð
1
L
A ðh 0 ; u 0 Þ ¼
Uj ðnÞrBL
r 0 Þni dRðnÞ; (35a)
ji ðn; ^
k þ 2l R
ð
1
Uj ðnÞrBSV
r 0 Þni dRðnÞ;
(35b)
ASV ðh0 ; u0 Þ ¼
ji ðn; ^
l R
ð
1
Uj ðnÞrBSH
r 0 Þni dRðnÞ:
(35c)
ASH ðh0 ; u0 Þ ¼
ji ðn; ^
l R

1 BSV
ASV
x ðh0 ; u0 Þ ¼ Urxx ð0; 0; l; h0 ; u0 Þ;
l

(33b)

Thus, by using the reciprocal relation in Eq. (1), it has
been possible to derive a very general formula for the scattered far field due to a buried crack in a half-space, in
terms of (i) the stress fields associated with plane wave
reflection in a half-space, which are well known, and (ii)
the displacement discontinuity across the crack, which
needs to be determined computationally, or estimated by
various approximations.

1 BSH
ASH
x ðh0 ; u0 Þ ¼ Urxx ð0; 0; l; h0 ; u0 Þ:
l

(33c)

VI. DISCUSSION AND CONCLUSION

ALx ðh0 ; u0 Þ ¼

1
UrBL ð0; 0; l; h0 ; u0 Þ;
k þ 2l xx

(33a)

The fact that only the rxx component of the respective auxiliary fields is required for this solution is intuitively plausible:
it is only that stress component that does work against the
Mode I crack opening Dux for a crack lying in the yz-plane.
Although this result has been derived here in the context of
the bulk-wave contributions to the far field, it can readily be
verified that it also applies for the surface wave contribution,
i.e., the reciprocity approach for deriving the surface motions
due to a buried Mode I crack element specified by Eq. (28)
will only require the rxx component of the Rayleigh wave
field, which serves as the auxiliary field. This result appears to
have been overlooked in previous work.10
The preceding observation for the field due to a Mode I
crack element paves the way for the following generalisation
which can be derived by applying Eq. (1) in conjunction
with the body-force equivalent for displacement discontinuities. The far field due to a crack element specified by the
displacement discontinuity
Du ¼ Udðx  nÞ;
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across a surface with normal n, is given by Eqs. (26a)–(26d)
with

n ¼ ðn; g; fÞ;

f > 0;
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(34a)

It has been shown that the elastodynamic reciprocal
relation expressed by Eq. (1) leads to a compact solution for
the far field due to a buried point force in a half-plane or
half-space. This solution involves the displacements associated with auxiliary fields corresponding to plane wave reflection in the half-space, for incident waves of longitudinal,
shear-vertical, or shear-horizontal polarisation. These are
well known two-dimensional fields (plane strain for incident
longitudinal and shear-vertical waves; anti-plane strain for
an incident shear-horizontal wave), which must be rotated
through the azimuthal angle u0 to obtain the 3D solution for
a buried force. This solution for a point force in turn provides the Green function for representing the far field due to
more general buried sources or scatterers. In particular, it
was shown that the far field for crack-like scatterers can be
expressed in terms of the displacement discontinuity across
the crack and the associated stress components of the auxiliary fields. Thus, the use of reciprocity can justifiably be
claimed to provide a simpler and more elegant solution than
alternative approaches based for example on integral transform techniques.
Rose et al.

Clearly, the reciprocity approach can also be used to
advantage to derive the far field for other configurations
involving a semi-infinite or infinite domain, provided that
the required auxiliary fields corresponding to plane wave
incidence are again available in a convenient analytical
form. This includes the case of a half-space covered by a
thin layer, as well as two half-spaces joined by a thin layer,
or by an interface with a linear traction law.41 Furthermore,
this also includes the case of buried sources or scatterers
located at, or close to, the boundary of a circular or spherical
hole, for which analytical solutions are available for the
problem of plane wave incidence.32 Thus, the present work
has a wide-ranging scope for practical applications in nondestructive evaluation and structural health monitoring.
Finally, although the focus in the present work has been
on deriving the bulk-wave contributions to the far field, it is
worth noting that the present approach would also provide a
more direct derivation, relative to that presented in Refs.
1–5, for the surface wave motion due to a buried force in a
half-space, and the Lamb-wave modes generated by an arbitrarily directed force in an elastic layer, in the sense that it is
not necessary to resort to constructing a field corresponding
to the sum of an outgoing and an incoming circular-crested
wave. Instead, the auxiliary field can be taken to be a plane
wave, the crucial step being the use of the stationary phase
approximation to evaluate the RHS of Eq. (1).
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