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The expansion of frontiers in neural engineering is dependent on the ability to track, detect and predict
dynamics in neural tissue. Recent innovations to elucidate information from electrical recordings of brain
dynamics, such as epileptic seizure prediction, have involved switching to an active probing paradigm
using electrically evoked recordings rather than traditional passive measurements. This paper positions
the advantage of probing in terms of information extraction, by using a coupled oscillator Kuramoto
model to represent brain dynamics. While active probing performs better at observing underlying system
synchrony in Kuramoto networks, especially in non-Gaussian measurement environments, the beneﬁts
diminish with increasing relative size of electrode spatial resolution compared to synchrony area. This
suggests probing will be useful for improved characterization of synchrony for suitably dense electrode
recordings.
Keywords: Epileptic seizure prediction; Kuramoto model; brain network observability; neural synchrony.

1. Introduction
Predicting the behavior of large-scale, complex brain
networks is a grand challenge in neural engineering,
particularly for applications in epilepsy.
Decades of research into prediction of epileptic
episodes was suitably described in 2007 as “the long
and winding road ”.1 Progress in seizure prediction
since then is discussed in more current reviews2,3
and culminated in the recently published NeuroVista
device trial,4 which provided evidence that the long
elusive goal of seizure prediction has made progress.

The NeuroVista results showed a large variability
in success between patients, with sensitivity performance from 65% to 100% across 11 patients and a
further three patients who did not meet performance
criteria. The focus of this paper is to investigate if
mathematical modeling of an electroencephalogram
(EEG) measurement from an analytical model of
brain activity can explain this variability in performance using simulation. Simply put, we hypothesize
that neural responses to stimulation provide a more
information-rich alternative to passively recorded
signals.

1650038-1

Int. J. Neur. Syst. 2017.27. Downloaded from www.worldscientific.com
by MONASH UNIVERSITY on 06/04/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

E. O’Sullivan-Greene et al.

Observability, an information-theoretic approach
to evaluating how well system dynamics can be
accessed via a particular measurement has been
previously applied to the problem of neural systems. Studies of small network motifs, using the
Fitzhugh–Nagumo system dynamics (biologically
inspired second-order coupled oscillators derived
from the seminal Hodgkin and Huxley5 equations of
the neuron) at the nodes, have shown that even for
small brain networks, observability is challenging.6,7
Expanding to larger scale systems and using ideas
from network information theory, our prior studies
on observability of networked oscillators8–11 considered a system that can be split into a network model
(brain activity) and a channel model (EEG measurement). Although there are a large number of neural
models of the EEG that could have been considered
The results showed that the EEG measurement gathers very limited information from underlying oscillatory brain activity and prediction success becomes
highly dependent on the precise location of the EEG
electrodes relative to the seizure activity. High variability in patient-speciﬁc performance should thus be
expected.
Future promise centers perhaps on a departure
from the current standard of passively acquiring and
analyzing EEG1,4,13–17 to an active paradigm.18–21
By electrically stimulating with a speciﬁc signal to
shine a selective light on a portion of dynamics,
active or evoked EEG could maximize neural information extraction in a more reliable and repeatable manner across patients for therapeutic beneﬁt. The international seizure prediction community
has shifted interest to probing over the past decade
accordingly.22–27
We published a brief investigation into probing using a network of linearized oscillators (clocks)
in Ref. 28. The use of a linearized model, however, precluded intrinsic synchronization behavior
in the network. Instead, a rogue unstable node (of
known frequency) entrained the remainder of the
network to simulate seizure spread. Probing with the
same known frequency aided early detection of synchrony/ entrainment in this network. In this paper,
the nonlinear Kuramoto model29 is instead proposed
for network node dynamics, larger networks are considered and a priori knowledge of the frequencies
at synchronized regions within the network is not
exploited by the measurement analysis.

The purpose of this paper is to examine how
electrical stimulation-based probing can be used
to enhance observability and thus predictability
of the oscillatory population-level neural dynamics
underlying the EEG and modeled as a network of
Kuramoto oscillators. In particular, the active probing case is compared against passive monitoring of
the EEG signal under the eﬀects of noise and the
relative size of a synchronized area to electrode spacing. We thus present a novel approach to indirectly
quantifying observability, using how well synchronization can be measured as a proxy for observability. Ideas of observability have already been linked to
synchronization,30 since attempts to observe system
dynamics typically utilize an observer model that
synchronizes like a dynamical mirror over time to
the true system.
The paper is composed of the following sections: Sec. 2 describes the simulation methods used
including the network of Kuramoto oscillators, how
observability of the network is indirectly quantiﬁed
through synchronization and how the eﬀects of electrical probing of the network are studied. The results
in Sec. 3 illustrate the observability beneﬁts gained
through active probing as compared to passive observation, and the dependence of this comparison on
noise and the relative size of the area of synchrony to
the measurement electrode spacing. Sections 4 and 5
respectively discuss and conclude on the meaning of
these results in the context of inferring the underlying physiological generators of the EEG and on
prediction, tracking and control of brain states, in
particular regarding epilepsy.
2.

Methods

In this work, a simulation study was conducted on
a network of Kuramoto oscillators. The advantage
of simulation is with all network dynamics known,
the true synchronization state of the network can be
calculated. The ability to observe this true state was
assessed under two cases (i) Passive: Mean Phase
Coherence (MPC) between EEG-like measurements
simulated as the averaging spatial activity of a region
of the network and (ii) Active: MPC between timeaveraged responses to a probing stimulus for each
electrode.
Section 2.1 introduces the Kuramoto network
setup and Sec. 2.2 discusses the probing signal.
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Section 2.3 shows how the EEG-like measurement
was calculated, while Sec. 2.4 provides deﬁnitions of
the synchronization measure used.
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2.1. Kuramoto network
The Kuramoto model of coupled oscillators29 is
a nonlinear, phase-only coupled oscillator model
which exhibits self-organizing synchrony. Since its
inception in 1975, this succinct model has been
much used and celebrated. Examples of Kuramoto
model use in the ﬁeld of neural dynamics include
Refs. 31–33.
The dynamics of the Kuramoto model obey the
equation,
N
Kij 
sin(θj − θi ) + F,
θ˙i = ωi −
N j=1

i ∈ {1, . . . , N },

Fig. 1. An example network of three nodes. Each node
is connected to all other nodes.

More generally the network phase diﬀerences can
be expressed as
Φ̇ = Ω +

(1)
where oscillator i has phase θi , natural frequency ωi .
Kij ∈ IR is the coupling strength for the connection
pair (i, j) and F is an forcing term or probing input
(described in Sec. 2.2). K is symmetric (Kij = Kji ).
Network parameters were assigned as described in
Table 1.
The Kuramoto dynamics can be re-expressed in
terms of phase diﬀerence, where φk = θi − θj for
all connections where node i is connected to node j.
For example, Eq. (2) applies to the simple 3 node,
fully connected network illustrated in Fig. 1, with
Kij = K ∀ (i, j).

  
θ̇1 − θ̇2
φ̇1

  
Φ̇i = φ̇2  = θ̇1 − θ̇3 
φ̇3
θ̇2 − θ̇3





2 1 −1 sin(φ1 )
ω1 − ω2
 K



= ω1 − ω3  +  1 2
1 sin(φ2 ) + F .
N
−1 1
2 sin(φ3 )
ω2 − ω3



Ω

A

S

(2)
Table 1.

Kuramoto network parameters.

Parameter

Assignment of value

Range

ωi
Kij = Kji

Uniform distribution
Uniform distribution

[1, 100] Hz
[0.1, 1]

K
AS + F ,
N

(3)

where Ω contains the diﬀerences of frequency, A contains information about the connection matrix, S
contains the sinusoidal terms and F is the forcing
(probing) term that is a function of F in Eq. (1).
To match the connectivity structure observed in
brain networks, network connections between nodes
i and j are made such that a 2D network of coupled Kuramoto oscillators are densely connected to
nearest neighbors with occasional long distance connections. This was achieved using the eloquent observation of Henderson and Robinson,34 that by simply assigning numerical labels to geometric locations
in a systematic recursive manner on a 2D grid, the
connection matrices found through biological experiments are replicated. This labeling process conceptionally mirrors a sheath of cortex squished and
bunched together to ﬁt in the brain, with the result
that any one location in the brain is connected to
both its immediate neighborhood and distant neighborhoods across the folds of sulci. While the network
only involves 2D connections to nearest neighbors,
by including this folding eﬀect (and thereby extending the reach of nearest neighbor populations) we
can simulate a computationally tractable 2D network
while the connectivity structure strongly matches
the 3D real brain. Connection strengths Kij were
chosen uniformly in the range 0.1−1. Examples of
the connection matrix resulting for this method for
a network of 64 oscillators are shown in Fig. 2. A
corresponding example arrangement of the labeling
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Network Connection Matrix

Network Connection Matrix

2.2. Probing signal

scheme for the 64 nodes is shown in Fig. 3. In
Fig. 3, the square network is recursively subdivided into quadrants: initially into the subdivision
((1−16), (17−32), (33−48), (49−64)), with each set
of 16 nodes occupying one quadrant of the network.
Allocations within quadrants (upper right/upper
left/lower right/lower left) occur at random. Subdivision into quadrants reoccurs recursively until each
quadrant contains just a single node label number, i.e. the ﬁrst quadrant set (1, 16) is reduced
to: ((1−4), (5−8), (9−12), (13−16)), and then (1, 4)
becomes ((1), (2), (3), (4)) and so on.

In observability theory we seek to design our probing
signal to maximize the amount of information we can
extract at the output about the system under test.
In the context of evoked intracranial EEG, however,
the available probing signal shape is ﬁxed to biphasic pulses for reasons of safety in charge balance.25
Therefore, we applied biphasic probing signals to the
Kuramoto oscillator network. The applied pulse train
consisted of 15 pulses of width 1 ms, with pulse interval of 0.5 s and a 3 s gap between pulse trains as
illustrated in Fig. 4. A pulse amplitude of 104 V was
employed. The amplitude of the applied pulse probe
was determined to yield measurable responses in the
EEG signals generated by the model. To match the
Kuramoto model (with oscillations at unity amplitude) to cortical tissue, with measurable oscillation amplitudes in the 1 mV range from intracranial
electrodes, a 1 : 1m = 103 scaling occurs. Typical pulse amplitudes applied to real cortex are the
1 mA range corresponding to a voltage range of 10 V
assuming 10 kΩ contact impedance. Scaling 10 V by
103 gives a pulse amplitude matched to our model
of 104 V.
The forcing (probing) stimulus F was applied to
the network as described in Eq. (1). Each oscillator
node was given the same forcing stimulus.

Fig. 3. Illustration of measurement model for a network
of 64 oscillators. Boxes symbolize the network nodes,
while the electrode positions are symbolized by shaded
circles. The weight of node inﬂuence on electrode signal
is distance weighted (see Eq. (5)). The dashed concentric
circles illustrate node-electrode distances of d = 0, 1, 2
for measurement electrode 1.

Fig. 4. Forcing Stimulus, F , used to probe the
Kuramoto network. The solid line box shows a zoomed
in illustration of the 15 pulses in a pulse train, while
the dashed box zooms in further to show an individual
biphasic pulse.
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Fig. 2. Two example connection matrices for a network
of 64 oscillators drawn from the sample of considered
network conﬁgurations. White boxes indicate that the
corresponding node i on the horizontal axis is connected
to node j on the vertical axis, while black boxes depict
unconnected nodes.
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2.3. EEG measurement model
Oscillator network nodes are geometrically arranged
in a 2D pattern as described in Sec. 2.1, with
measurement points located at the quadrant centers
as illustrated in Fig. 3 for an example network of
64 oscillators. The measurement signal from an electrode k (k ∈ [1, K]) is

yk (t) =
δi g(ωi ) sin(θi (t)) + Nk (t),
(4)
i

where i are the set of oscillator nodes, δi and g(ωi )
are measurement weights and N is noise. The measurement weight, δi decreases proportional to the
square distance from the electrode.
δi =

1
,
(d + 1)2

(5)

where d is the distance (in number of nodes) between
the measurement electrode and network node i.
Figure 3, illustrates an example with a network of
64 oscillators, showing concentric circles for nodeelectrode distances of d = 0, 1, 2.
The measurement weight g(ωi ) is frequency
weighted, such that the mean power spectrum generated by the model EEG matches real measurements
taken from our intracranial long-duration human
ambulatory EEG dataset in the NeuroVista device
trial.4 100 representative, consecutive, seizure-free
2 min epochs where selected. For each 2 min epoch,
a Hamming window was applied and the powerspectral density was computed individually on each
patient-electrode using a 256-point periodogram. An
example periodogram is shown in Fig. 5. From
the periodogram, spectral power computed in 10 Hz

Fig. 5. Power spectrum of EEG signal. Solid back line
represents a sample mean power spectrum from one electrode/patient from the study in Ref. 4. Solid gray line
represents the modeled power spectrum weighting, g(ωi ).
Dashed black lines indicate the calculated maximum
bandwidth.

bands (0.1−10 Hz, 10−20 Hz, 20−30 Hz, etc.) was
calculated from the mean power in the given bandwidth of the periodogram. The bands around the
notch were altered to 40−45 and 55−60 Hz to avoid
the eﬀects of the notch ﬁlter. The real spectral power
data are ﬁtted to a double exponential model
g(ωi ) = aebω + cedω ,

(6)

where (a, b, c, d) = (2.80, −0.04, 0.02, 0.01).
The maximum bandwidth, Fmax , is the highest frequency at which the signal is determined
to be signiﬁcantly diﬀerent from estimated noise.
Fmax was calculated as the highest frequency with
power greater than 1.5(Q75P − Q25P ) + Q75P where
Q75P and Q25P are the 25th and 75th percentile
of the noise P . P is the mean of the spectrogram
from 190−200 Hz. Noise is deﬁned in this way as
it is the highest spectral band calculated below the
Nyquist frequency.35,36 For the data taken from the
NeuroVista study Fmax = 100 Hz, hence the choice
of underlying EEG generator frequencies are constrained within the range [1, 100] Hz in our model
(see Table 1).
A modeling choice was made to attribute the 1/f
spectral behavior to the measurement model rather
than to a frequency-dependent prevalence of oscillatory activity in the brain. This modeling choice
is linked to the idea that 1/f behavior arises due
to ﬁltering of the neural signal through the cortical
tissue.37,38
Noise terms, Nk (t) are added to the EEG measurement k as described in Eq. (4).
Nk (t) ∼ N (0, σ 2 )

(7)

with variance σ 2 set in accordance to the required
signal to noise power ratio (SNR) for the Gaussian
case. The measurement noise in EEG is not necessarily Gaussian, however, instead it consists of a
host of frequency-band speciﬁc artifacts. In addition,
given the complexity of the brain, oscillations will
exist in the measurement that have neural origins
beyond our target interests (for example the oscillations related to sensory processing may not be of
interest when considering the oscillations which govern susceptibility to epileptic seizures). To address
this we consider the ability to observe synchronization in the network under measurement noise that
is sinusoidal with frequencies in the same band as
the regions of the Kuramoto network that undergo
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synchrony (10−20 Hz) (refer to Sec. 2.5.1 for justiﬁcation of these frequencies).
For the in-band frequency noise,

sin(2πfn t + ψn ),
(8)
Nk (t) = A
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n

where fn is assigned randomly from the range
(10−20 Hz) and ψn from the range (0, 2π), with uniform distributions in both cases. Amplitude, A, follows from the required SNR. For the simulations in
this work, n was set to be 4.
2.4. Synchrony measures
2.4.1. True synchrony in underlying model
Kuramoto39 deﬁned an order parameter or phase
coherence, r, that satisﬁes,
rejψ =

N
1  jθi
e ,
N i=1

(9)

where r ∈ [0, 1]. Full network synchrony exists for
r = 1 with all phases θi co-located at one point on
the unit circle, i.e. θi = θj ∀ i, j. Complete network
incoherence occurs when r = 0 and phases θi are
uniformly distributed along the unit circle.
This paper uses an expanded deﬁnition of synchrony to also include node pairs with a constant
phase oﬀset, that is, the case where θi (t) − θj (t) =
φm (t), and φm (t) remains constant over some time
window T and m ∈ {1, . . . , M }, where M = N2
is the number of pair combinations (i, j). This definition of synchrony accommodates the scenario of
spatial delays in phase between synchronous activity measured from diﬀerent parts of the cortex. True
underlying network synchrony is then indicated by
phase coherence Rtrue (t) as a function of time, t,
deﬁned as,
 T +t

M
1   1  jφm (n) 
(10)
Rtrue (t) =
e

,
 τ n=t

M
m=1

for T , the time window over which the phase coherence is averaged, and τ = Fs T the number of time
samples in the summation for sampling frequency Fs .
2.4.2. Measurement synchrony
A myriad of synchrony-based measures have been
applied to EEG analysis, from linear methods
based on the ubiquitous Hilbert transform17,25,40–44
to nonlinear measures of general synchronization

(e.g. mutual predictability45 and synchronization
likelihood46 ). The simplicity of the Hilbert transform is likely responsible for its wide usage, despite
some limitations to robustness of the measure. One
Hilbert transform limitation is that it is unsuited
to wide bandwidth signals. Its use in MPC within
this paper, however, is conﬁned to band-pass ﬁltered
signals of small 10 Hz bandwidths. More recently,
the Hilbert–Huang transform has been proposed as
a more sophisticated instantaneous phase measure
for EEG using intrinsic mode functions to mitigate
the narrow bandwidth requirements of the traditional Hilbert transform.47 For this paper, however,
we have chosen the traditional Hilbert transformbased MPC, partly since it has the most extensive
history of usage in the context of brain signal analysis
and also since we are ultimately interested in relative
performance. That is, we are considering the relative
performance between active and passive signal acquisition over a variety of network and measurement
conditions, rather than the performance merit of the
synchrony measurement itself.
Therefore, synchrony estimation from the measurements were determined using MPC,40,48 a bivariate measure of synchrony between channel pairs. To
compute the instantaneous phase, φ(t) a time-series,
the Hilbert transform was employed. The analytical
signal is represented as
ψ(t) = s(t) + js̃(t) = A(t)ejϕ(t) ,

(11)

where s(t) is the time-series and s̃(t) is the Hilbert
transform of the time-series,
1
s̃(t) = P V
π



+∞

−∞

s(τ )
dτ,
t−τ

(12)

where PV is the Cauchy principal value. It follows
from Eq. (11) that the instantaneous phase, ϕ(t) can
be computed as
ϕ(t) = tan−1




s̃(t)
.
s(t)

(13)

To consider the instantaneous phase diﬀerence,
∆ϕ(t) = ϕk (t) − ϕ (t) between a pair of time-series
(or EEG channels) in a statistical sense, the instantaneous phase diﬀerences are projected onto the unit
circle and MPC is found by computing the average
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length vector, R(ϕk (t), ϕ (t)).


+t

 1 T


R(ϕk (t), ϕ (t)) = 
ej(ϕk (n)−ϕ (n)) ,

τ
n=t

(14)

where R values are in the range [0, 1].
In both the passive and active EEG monitoring case, the ﬁltered components of the EEG signal, ﬁltered in 10 Hz bandwidths B = {0.1−10 Hz,
10−20 Hz, 20−30 Hz, . . . , 90−100 Hz}, are used as
the time-series s(t).
In the passive case, instantaneous phase ϕk (f, t)
is calculated for each EEG channel yk and each bandwidth f. The average length vector in the passive
case, Rpassive , is then taken as the maximum band-
width response after averaging over the M = K
2
possible EEG channel pairs (k, ) with k, ∈ [1, K].
1 
R(ϕk (f, t), ϕ (f, t)). (15)
Rpassive (t) = max
M
fb∈B

k,

In the active probing case, synchrony was assessed
using MPC similarly to the passive case, except
the EEG signal s(t) was replaced with the timeaveraged evoked EEG signal s̄(tn ) evaluated at the
time points, t = {t1 , t2 , t3 , . . .}, where pulses trains
commence,
s̄(tn ) =

L+n
1 
s(ti ),
L i=n

(16)

where ti is the time vector from time of probe signal ti until time ti+T . T is the interpulse interval.
T = 0.5 s as shown in Fig. 4, and the time averaging windows T in Eqs. (10) and (14) are also set to
T = 0.5 for consistency and comparability between
the measures. L corresponds to the number of pulses
in the pulse train (L = 15). This is similar to the
method of Freestone et al. in Ref. 25. The probe
response is taken to be the average length vector
(averaged across channel pairs) with maximum bandwidth response, denoted Ractive and deﬁned by,
1 
R(ϕk (f, tn ), ϕ (f, tn )).
Ractive (tn ) = max
M
fb∈B

k,

(17)
2.5. Simulation method
Kuramoto networks with N = 64 and N = 256
nodes were simulated in Matlab using a variable
step ode45 solver. Probing stimuli as described in

Fig. 4 were uniformly applied to each oscillator
node as described in Eq. (1). Network architecture was conﬁgured randomly for each simulation
trial, as described in Sec. 2.1 with coupling strength
parameters and initial oscillator frequencies as per
Table 1.

2.5.1. Simulating regions of synchrony
The frequencies of each Kuramoto oscillator, ωi ,
could be perturbed during simulation. Synchronization occurred when oscillator frequencies were perturbed suﬃciently close together and the phases
of these oscillators then aligned due to Kuramoto
dynamics. Perturbation of frequencies allowed us to
simulate a network that moved into and out of incoherent, partially synchronized and fully synchronized
states. MPC was measured after a return to steady
state following these perturbations.
From our real EEG datasets in Refs. 4, 17 and 25,
we found strongest passive MPC in the lower frequency band (10−20 Hz) and the strength of MPC
to decrease on average with each increasing frequency band analyzed. In accordance with these
phase coherence characteristics of real EEG, the
oscillator cells in our model that entrained to a synchronized region were chosen to have spectral activity in the 10−20 Hz bandwidth. Through comparison
with the power spectral density data from human
intracranial EEG shown in Fig. 5, it seems possible that the 10−20 Hz range showed the best MPC
results in the EEG simply due to the power advantage intrinsic to this band over the remaining spectrum (see power spectrum illustrated in Fig. 5).

2.5.2. Performance evaluation metric: Mean
error
The eﬀectiveness of active probing over passive using
MPC with regards to noise robustness, is assessed
through analyzing how well the true network synchronization level, Rtrue is observed by Ractive and
Rpassive , respectively. Two cases of noise, N(t), are
considered: zero mean Gaussian white noise and inband frequency noise as detailed in Sec. 2.3.
Mean error is calculated as the mean diﬀerence
between true network synchronization Rtrue ∈ [0, 1]
and the estimated synchronizations Ractive ∈ [0, 1]
and Rpassive ∈ [0, 1] over a 30 min long trial for a given
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Fig. 6. Comparative performance of active MPC,
Ractive , and passive MPC, Rpassive , in the presence of
Gaussian noise against SNR for a network size of N = 64.
Error bars show mean and standard deviation over 1,000
trials.

Fig. 7. Comparative performance of active MPC,
Ractive , and passive MPC, Rpassive , in the presence of
in-band frequency noise against SNR for a network size
of N = 64. Error bars show mean and standard deviation
over 1,000 trials.

network conﬁguration. 1,000 trials, each of 30 min are
conducted for diﬀerent network conﬁgurations.

3.2. Impact of the relative scale of
electrode spatial resolution to size
of synchronized area

3.

Results

Results comparing the performance of active and
passive MPC in the presence of noise are presented
in Sec. 3.1, followed by results on the impact of the
relative scale of electrode spatial resolution to synchronized area in Sec. 3.2.

A translational result to real EEG-time series analysis for tracking and predicting brain dynamics is
how the model predicts that accurate measures of

3.1. Robustness of synchrony measures
with respect to noise
Results showing comparison of mean error are presented for a network size of N = 64. For each simulation trial a variety of synchronized states are allowed
to evolve from completely unsynchronized to fully
synchronized with the network dividing time equally
between these states.
In Fig. 6, the observation error is shown against
the SNR under the condition of white Gaussian
noise added to the measurement signal. Error bars
on the plot show mean and standard deviation of
the mean error over 1,000 trials for diﬀerent randomly parametrized networks. The results are similar between the active and passive cases.
Biological and artefactual noise in the EEG are
not conveniently Gaussian, however, and thus results
from a non-Gaussian noise example are presented
next. The results for in-band frequency noise are
shown in Fig. 7. The results of Fig. 7 show that active
probing holds out in its ability to observe the network
synchrony well for longer than passive MPC as the
SNR ratio decreases.

(a)

(b)

Fig. 8. Diﬀerence in performance error of active MPC
and passive MPC to true synchrony in the presence of inband frequency noise for a SNR of 100 as the relative area
of the measurement electrodes (counted as the number of
cells enclosed inside a virtual square with edges connecting to an electrode at each corner) to the synchrony area
(counted as number of synchronized cells) is increased.
Error bars show mean and standard deviation over 1,000
trials. (a) shows the error response for each of active and
passive case individually and (b) shows the diﬀerence in
error between the two cases.
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synchrony depend on the relative sizing of electrode
spatial resolution to synchronized area. This is examined by taking the diﬀerence in performance of active
versus passive MPC measures while the relative area
between measurement electrodes and region of synchrony is varied. Electrode area is counted as the
number of oscillation generators enclosed inside a virtual square with edges connecting to four electrodes
at each corner. This area equals 16 oscillator boxes
for the example setup depicted in Fig. 3. The synchrony area is counted as number of synchronized
oscillators in a localized region of the network, with
the center of the synchrony area placed equidistant
from each electrode. These results are illustrated in
Fig. 8. The results indicate that a suitable range of
electrode area to synchrony area ratios exist where
probing is beneﬁcial.

4. Discussion
Using MPC we have shown that underlying synchrony can be measured with greater accuracy following active probing rather than passive analysis
in the presence of in-band frequency measurement
noise. The focus on in-band frequency noise was
investigated as the concern of this work is the brain
system. For an oscillatory system such as the brain,
oscillatory noise within the frequency band of interest represents either (i) measurement artifact or (ii)
confounding brain information from endogenous signals. Neural tissue is occupied with a diverse range of
cognitive and regulatory processes and the networks
that govern epilepsy are not necessarily ubiquitous.
Therefore, we hypothesize that extraneous oscillatory information measured in the EEG has origins
outside our epilepsy network and could be considered
as noise for the purpose of synchrony detection.
The results of Fig. 6 indicate that active probing
shows no superiority in its ability to access underlying network synchronization as Gaussian measurement noise increases. This is unsurprising, given that
MPC is calculated upon narrow band ﬁltered EEG
signals and thus the majority of the Gaussian noise
is ﬁltered out.
The results of Fig. 7 show that active probing is
superior in its ability to accurately access underlying network synchronization as non-Gaussian measurement noise increases. Moreover, at high noise
levels (small SNR) both the active and passive

results approach a mean error of 0.5, equivalent
to a randomly generated synchrony level. When a
variety of synchronized states are allowed to evolve
from completely unsynchronized to fully synchronized with the network dividing time equally between
these states, a mean error of 0.5 indicates performance on a par with a randomly generated synchrony level. During simulations for Fig. 7 the network was allowed to veer from fully unsynchronized
to fully synchronized over the course of each simulation trial.
When the number of oscillators contributing to
the measurement is large, the relative contribution
from synchronous parts of the network can get lost in
the measurement noise. The evoked signal paradigm,
with average responses following a probing trigger,
enables averaging over the noise. This noise averaging helps push the synchrony information above
the noise ﬂoor, resulting in improved performance
in evoked active data over traditional passive MPC.
The advantage of probing, however, is constrained
to a certain ratio of electrode spacing to synchrony
area.
One limitation that needs to be elucidated
regarding the results plotted in Fig. 7 is that the
in-band frequency noise in our model is independent
of the probing stimulus. In the context of the brain,
those noise components are designed to represent
other cells beyond our functional or pathological network of interest that are not synchronized, however,
those cells will most certainly respond to the probe in
real life. The results in Fig. 8 make eﬀorts to address
this. The additive in-band frequency noise, N(t), is
held relatively low (SNR = 100) over the experimental simulations in this case. Instead, the challenge of
extracting synchrony information is to separate the
region of synchronized activity from nearby uncorrelated sources. In this context the nearby uncorrelated sources are unwanted noise signal that do also
respond to probing.
To evaluate the results in Fig. 8, it is useful to
consider,
Electrode Area
= Area Ratio = AR,
Synchrony Area

(18)

Probing Beneﬁt = PB = f (AR).

(19)

When AR is small and the electrodes encompass a
large area of synchrony (AR ≤ 2.25) the task of accurately detecting the level of underlying synchrony is
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easy and both passive or active measures perform
well. While probing the network oﬀers better observability of the true synchrony level in the presence
of in-band frequency noise in the mid-range ratios
(2.25 ≤ AR ≤ 4.5), this advantage quickly saturates as the ratio between electrode area and the
synchronized region increases. Beyond AR = 10, the
beneﬁt of probing decreases. While the mean error at
high AR (Fig. 8(a)) seems comparatively low, MPC
results are in eﬀect failing to diﬀerentiate between
small focal synchrony and the unsynchronized state
at this area ratio, and the mean error is a residual
function of the noise ﬂoor. In eﬀect, at these high
area ratios, the synchrony area becomes so small
that its signal is overshadowed by the surrounding
oscillations.
The remarkable ﬁnding of this study is how narrow an opportunistic window the PB provides. In
our study, probing is only beneﬁcial over in the range
2.25 ≤ AR ≤ 25. While these speciﬁc numbers can be
linked to the semi-arbitrary setup parameters of our
model, we expect that the mere ∼ 10-fold increase
25
) in the relative spacing of synchrony area to
( 2.25
electrode area while probing is beneﬁcial would apply
more generally. Thus, the more translatable ﬁnding
to measurement of real brain dynamics is the convex curve trend of active MPC over passive MPC as
illustrated in Fig. 8(b). Probing is helpful, but only
within a narrow window of opportunity.
In an epilepsy context, a region of synchrony
could be viewed as an epileptic focus. Seizures are
commonly associated with hypersynchronous activity, although the pre-seizure period has been associated with both increases and decreases in synchrony.
How would the results of Figs. 6–8 compared to EEG
measures from real brain? Some numbers for consideration: For Ad-Tech grid electrodes, 10 mm spacing between electrodes is common.49 Each quadruplet set of square electrodes therefore encloses an
area of 10 × 10 mm2 . Let us suppose that a focal
seizure is constrained to within a single cortical column of 1 mm2 and that each column is represented
by a single oscillator in our model. Based on the
model, probing beneﬁt is best for 2.25 ≤ AR ≤ 25.
This suggests probing will be better at detecting synchrony in seizures when the synchrony/seizure area
is between 4 mm2 (2 × 2 patch of cortical columns)
and 44 mm2 (6.6 × 6.6 patch of cortical columns).
If perhaps a critical cortical area were to exist, in

which seizures begin to secondarily generalize, then
improvement gains in the tracking of underlying synchrony due to probing could help to better target a
seizure in order to control it. From Fig. 8(b) we can
see that active MPC at AR = 9 has performance
on a par with passive MPC at AR = 3, therefore
a passive approach would need to wait until the
seizure focus was three times larger for the equivalent detection power of the active case. While this is
interesting, it is an approximation only and due caution must apply to these inferences. Caveats include
that the number of oscillators modeling each 1 mm2
in the brain depends on the scale of interest, and
that the level of noise in the measurement would vary
results.
Observability problems in these systems indicate that attempts to reconstruct the structural
connectivity/network parameters in the underlying system are quite ill-posed mathematical problems.8 Also, these types of networked systems can
exhibit multiple ground states (in terms of network
connectivity parameters) that result in the same
measured dynamic behavior.50 In our study, we did
not alter the network connectivities during a simulation trial; instead the natural frequencies of the
oscillator cells were allowed to shift over time causing phase-locking synchrony between any oscillator
cells with suﬃciently close natural frequencies. Thus
we consider underlying phase coherence, rather than
network connectivity as the ground truth. This
behavioral approach to deﬁning the ground truth
avoids the ambiguities of both multiple ground states
and observability. In eﬀect, we are trying to assess
the true underlying phase coherence from a EEG-like
measurement, where the EEG-like measurement is a
spatially selective sample function of the underlying
phases θi .
Our results agree with the analytic response to
probing using a Wendling neural mass model in
Ref. 27, in that, SNR plays a signiﬁcant role in the
eﬀectiveness of probing, but that probing still performs better than passive signal analysis. Our simulation using the Kuramoto model, similarly conﬁrms the hypothesis that neural responses to stimulation provide a more information-rich alternatively
to passively recorded signal in noisy conditions. In
contrast to Ref. 27, our results add a signiﬁcant
caveat to the hypothesis. This caveat is that there
exists a ﬁnite opportunistic window of ratios between
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electrode spacing to synchrony area where probing
beneﬁt is found.
The diﬃculty of detecting small areas of synchrony in large scale oscillatory networks with
noisy measurements, such as the brain with EEG
measurements, echos the results of poor theoretical
observability in these kinds of oscillatory networks
that motivated this simulation study.7,8 The rate
at which the ability to observe synchrony falls with
increasing AR is indicative of the remarkably challenging environment in which epileptic seizure forecasting and predicting from EEG measurements
operates.
5. Conclusion
This study considers network synchrony estimation
using MPC from time-series analysis in a brain like
network where the true underlying state of synchrony
is fully known. We constrained our probing signal to
the common biphasic signal used in similar probing
studies in the human brain. The ﬁndings indicate
that probing can have advantages within an opportunistic window of ratios between electrode spacing
and the size of a region of synchrony. We have correspondingly termed this probing beneﬁt (PB), where
PB is a function of area ratio (AR).
The important conclusion from this simulation
study is the illustration of how, although probing improves detection of synchrony, the beneﬁt is
restricted to moderate AR ratios. Sparse electrode
densities struggle to accurately gauge small areas of
focal synchrony regardless of whether measurement
is passive or active. And certainly, the true brain
with 100 billion interconnected neurons commonly
has a poor ratio of areas between EEG electrodes
and regions of pathological focal synchrony. While
this work does indicate that probing helps, it also
indicates that more needs to be done beyond black
box analysis for the observability-challenged largescale brain system. Model-based estimation of the
brain state, higher density electrodes, together with
probing, is perhaps a way forward.
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