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In this paper, we use the method of Fourier analysis to derive the formula of the total energy
for the Cauchy problem of the Cauchy—Navier elastodynamics wave equation describing the
motion of an isotropic elastic body. The conservation law of the total energy is obtained and
consequently, the global uniqueness of the solution to the problem is implied.

1. Introduction. Methods of Fourier analysis are widely used for studying the theory of partial
differential equations (PDEs). An important aspect is to find fundamental and classical solutions of
linear PDEs via Fourier transform. By the isometric property of Fourier transform, one can estimate
energy functionals of a solution to some concrete mathematical modelling problems in physics. Our
main work is to derive the formula of the total energy for the Cauchy problem of the Cauchy—Navier
elastodynamics wave equation describing the motion of an isotropic elastic body. For explanations
about physical context related to the mathematical theory of linear elasticity, we refer the readers
to [4, 5, 6].

Let us resume about the mathematical formulation and some necessary notations. Remark that,
the Newton’s second law leads to the Cauchy’s motion equation of an elastic body, which takes
the form )

V.oo+f= png;, (1)
where o = (0y;(%,t)); ;_15 is the Cauchy stress tensor field, u = (u;(Z,1)),_15 is the displacement
vector field, f = (f;(Z,t));_15 is the vector field of body force per unit volume, p is the mass density

8211 . 62’LL1 821@ 82un
otz ( otz otz o2

and ) . The infinitesimal strain tensor field is given by the equation

€= %[Vu + (Vu)T], (2)

where (Vu)? — transformation matrix of Vu.
Moreover, the Hooke’s law for homogeneous isotropic bodies has the form

o = Mtrace(e) I 4 2u e, (3)
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where A,y > 0 are Lamé’s parameters, trace(e) — trace of matrix (e) and I is the second-order
identity tensor. Substituting the strain-displacement equation (2) and the Hooke’s equation (3) into
the equilibrium equation (1), we obtain the Cauchy—Navier elastodynamic wave equation

82
A+ p)Vdiv(u) + pAu+f = pa—tl;, (4)
0? 0? 0?
WhereA*W—Faz—i— +87$%

This equatlon in the Cartesian coordinates has the form

(9 8u] 82uk o

The Cauchy problem consists in finding a vector function u = (uy,ug,...,u,), which satisfies (4)
and the initial condition as follows

= ¢1(T). (5)
t=0

w(E o = g0(e), (1)

It is easy to show that the Cauchy problem (4), (5) has a Cauchy—Kovalevski-Somigliana solution
in the following form

:<82_A+2“A>w ATIG div(w), (6)

ot? p

where w is a solution to the Cauchy problem of the biwave equation

2 2
i_A+2,uA i_iA f;
ot? p otz p p

ow

o= =0 7
w’t—O ot 0 ) ( )
0w Pw
EYOR = %0, 3 = @1
0t |,g Ot {,g

Note that, in [3], a formula of exact solution to the Cauchy problem of the biwave equation is given
by using Fourier transform.

The total energy E(t) of a solution to the equation (4) is defined as the summation of the
kinetic energy and the potential energy, where the kinetic energy functional is given by

U(t)—lR/ ’E)tu dr == [ Z<8“k> z,

and the potential energy functional or the strain energy has the following form

1
K(t) = /(2)\ trace(e)? + ,utrace(sQ)) dx.

R
We denote by S(R™) the space of Schwartz functions (seen by in [9] and [10]). Remark that an
indefinitely differentiable function ¢ is called Schwartz function when ¢ and all its derivatives are

required to be rapidly decreasing, i.e.

o\"?
<8:n) o(x)

|9lla,p = sup |z < 00,

zeR?
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for every multi-index « and S. The Fourier transform of ¢ € S(R"™) is defined by

Flol(©) = 3(6) = / =158 () dar

R

It is well-known by the Plancherel theorem that the Fourier transform is an isometry in S(R™) with
respect to L?-norm, i.e.

[16@P o= [1a6)P a¢

R" R"

for every ¢ € S(R™). The basic concepts of Fourier analysis and application for solving PDEs and
study the conservation law of energy can be found in |7, §].

By using some Fourier analysis techniques, we will show the exact formula of the total energy,
which depends only on the initial data and is independent of time. Consequently, the global
uniqueness of the solution to the Cauchy problem of the Cauchy—Navier elastodynamics wave
equation is proved.

2. Main results. Let us denote a? = (A +2u)/p, b* = u/p and assume that f =0, then (4)
can be rewritten as the following homogeneous equation

o, 2 _ 12\ g
<8t2_b A)u—(a — b*)V div(u) = 0, (8)
5} 0 Oup
where div(u):£+£+---+8%-

Note that, if u(z,t) € C*(R" x [0,00)) is a solution to the equations (5), (8), then it is also a
solution to the homogeneous biwave equation

92 ok
together the initial condition
ou
u|t:0 = 0, a —0 = ¥1,

9%u 9 9 . 22
t=0

0Pu 2 9 . 292
t=

Indeed, taking divergent to the both side of (8), we have

0% 2 A 1
92 div(u) — a*Adiv(u) = 0. (11)

Taking Laplacian and doubly differentiating with respect to ¢, we obtain that

2
<§t2A _ b2A2> u = (a® — b*)VAdiv(u), (12)
84 2 62 2 2 82 3
<8t4 —b Aat?>u = (a® = 1)V 5 5 div(w). (13)
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From (11), (12), (13), we have

0? 0?
(25 -a) (L)

ot 0? 0?
= (E)t4 - b2A8t?>u —a? <87§2A - b2A2>u =
82
= (a® — b2)v<87§2 div(u) — a?A div(u)> =0.
The initial conditions (10) is easily verified from (5), (8). For more important discussions about the
biwave equation, we refer to [1, 2] and [3].

Using the above connection, we will derive the formula of the total energy of a solution of (8), (5)
via Fourier transform. In the next sequence, we assume that u = (uy,...,u,), Yo = (po,1,-.-,%0n)
®1 = (¢1,15---,91,n) are vectors of Schwartz functions.

Lemma 1. The Fourier transform of solution to the homogeneous biwave equation (9), (10) has
the following form

_ cos(al¢]t) sin(al¢[t)

u(é,t) = T(i, p0)§ + W@@l)f—F
wﬁ?%m%wwa%m+“jﬁpw#@—@¢m» (14)

Proof. Taking Fourier transform to the both sides of the equation (9), we obtain that

94

ot

This fourth ODE has the general solution, which takes the form

2
6E1) + (0 + )P (€ 1) + I a(E 1) = 0

(&, t) = Cq cos(alé|t) + Cosin(alé|t) + Cs cos(b|€|t) + Cysin(bl€|t),

where vector of parameters C;, Cy, Cs, C4 are determined from the initial condition (10) by
solving a system of linear equations. After some simplifications, the Fourier transform of u is
calculated as

__PlelPBo(8) + @a(6) b*E[*P1(8) + @3 (8)

u(é,t) = (@ — e cos(al&lt) — (@ — D) sin(al€|t) +
a®|€1*Po () + @2(€) a®1E]*@1(8) + 3(8) .
(@2 — ) cos(bl¢|t) + (@%b — )]’ sin(b|&|t). (15)

In the above formula, we note that

@2 = —(a® — b*)(&, @o)€ — b[€|*Po,

(16)
ps = —(a® = ) (€, p1)€ — V€[ Pr.
Substituting (16) into (15), we get the formula (14).
Theorem 1. Let u be a solution of (5), (8). Then the total energy of u takes the form

1 - 8 7 2 0 1 8 i 2 n
E(t):E(O):/p (3T ST (G0 G NG e (1)

2 — ox; = 0x; 0z, —

R i= 7 i=
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Proof. We only need to verify that the total energy of a solution of the biwave equation (9), (10)
also has the form (17). Applying Plancherel theorem, the strain energy functional can be rewritten as

K(t) = /(;/\trace( £)2 + ptrace(é )) dg.

R

We note that

e = S(ea” +ag"), &= L(€a”) + (o) + [aPec” + |ePan”).

Hence . .
k() = [ (M6 + gutlear +aPie? ) as =
RTL
=5 [ Pl R AP - D) de = 5 [ platle)? + 1 x ) de =
R Rn

1
— 5 [ plate 4 8l o) de,
Rn

where we denote

alg] blel 7

and for real vectors a = aje; + azep + ...+ ape,, b =0bie; +bres+ ... +bye,, where {e;}
is the canonical basic of R", we use the notation of the exterior product

W = cos(al€]t) o + n = cos(blelt)o +

j=ln

axb= Z(aibj — ajbi)[ei X ej] c Rn(n—l)/Q'

1<j

Note that a x a = 0 and we have the Lagrange’s identity |a x b|? = |a|*|b|> — (a,b)?. Applying
Plancherel theorem again for the kinetic energy functional, we get that

/‘ (e, 6) de.

ziﬁ@}w::<§f_a$nawﬂtxﬁo+cmaamu>¢l>§+

Moreover, we have

€] €1
in(b b b b

= (&, o)+ €18 — (£, B)E,

where )
om o) ol
b b
= bsm(|€\§|t) 0 cos|(€’|2§t)¢1.
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Note that (&,[£]?8 — (€, 8)¢) = 0. Hence
P 2
0ED)| = (6.l + 1168 (€, A)eP =
= (&, a)?[€* + €187 + (€, B)°I€I” — 2(I€B, (&, £Y€) =
= [P ((& )® + €187 = (€, 8)?) = [E12((€, @) + |€ x B?).
Therefore, the total energy functional is calculated as

B(O) = K(0)+U(0) = 5 [ pla(e )+ 0le x> + € (60 + |6 x 5) de

R

Note that
a®(&0)% + [€2(€ ) = (€, av)® + (£, [¢|a)® =

. 2 2
- <£,acos<ar£t>¢o+ Sm(g',“)sa1> " <5, —asin(alélt)@o + “’Sﬁ‘g'ﬂ”@ -
sin(a|£\t)¢17i>>2+

_ (Za ( cos(al€|t) P +
2 €l
n 2

T (Z@(—asmmmm,i i COS(‘Zf'” go>) _

i=1

n

1 1
= Zgzz <a2¢2 |€’2S01 z) +2Z€’L€] <CL 8002900] |£|2801 z@l]) =

=1 1<j
= a2<25i¢o,z‘> + Q(Z&@u) ,
i1 €7\ =

b2(€ > nl? + [€7[€ x BI7 = 1€ x bl + |€ x [€|8)° =
2
_ ¢ x (bcos(b[§t)¢o Sm(@f't) 1) £ x (—bsin(b[é“\t)gbo—i— COS(‘?F”@)

. ‘ 2
sm<b|§\t>¢1,j) ) (bcoswlsrt)@ow‘ " Slnﬁ'\g't)@l’i)fj) :

-y (sz- (b cos(leltjgn, +

1<j
b b 2
+Z<a( bin b|f|t>soo]+C°S<£f'”sal,j>(bsin<b|f|t>¢o,i C°S<|§'|5't> 1Z)sj> _

1<)

1 1 A |
= Z( <52<POJ |§|2801 J> +€2< SOOZ + |£’2(10%,i> - 2§i§j <b2900,j800,z' + |£2901,j901,i>> =

1<J

and

—Z< (o — &iP0.i)” + ’5‘2(&901] §j¢1,i)2>-

1<)

1 le=.. V' 1/ .Y\
E(t) = 2/P<a (Zfz’@&i) +‘§|2<Z’£i@1,i> +
Rn =1 =1

+Z< (&0 — &iPod)” + ’6‘2(518013 fj@l,i)2)>d§—

1<)

So we obtain that
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=5 [o(@(600i) + L - oo+ X ot ) ds =
R =1 i=1

i<j

_ 1 2 = 00, ) 2 0%05 O R 5 E
—2/P<a (Z i > +Z < o o, > +Z¢1,i> ¢ = E(0).
R» =1 1<J i=1
Corollary. Assume that g, 1, and f are vectors of Schwartz functions. Then, the solution
to the elastodynamics wave equation (4) with the initial condition (5) is unique.
Proof. Suppose that u and u’ are two solutions of (4), (5). It is clear that w =u—u’ is a
solution of the following homogeneous equation

2
(gﬂ - b2A>w — (a® = V)V div(w) = 0,

W@ Dlio = 2 (7, 1)

N =0.

t=0

Applying Theorem 1, we obtain that the energy of w is equal to E(0) = 0. It implies that w =0
a.e., so we have completed the proof.
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V. I. Korzyuk, N. V. Vinh, N. T. Minh
Conservation law for the Cauchy—Navier
equation of elastodynamics wave via Fourier transform

Summary
In this paper, we use the method of Fourier analysis to derive the formula of the total energy for the
Cauchy problem of the Cauchy—Navier elastodynamics wave equation describing the motion of an isotropic
elastic body. The conservation law of the total energy is obtained and consequently, the global uniqueness
of the solution to the problem is implied.
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