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ABSTRACT Polynomial-cancellation-coded orthogonal frequency division multiplexing (PCC-OFDM) is a
form of OFDM that has waveforms which are very well localized in both the time and frequency domains and
so it is ideally suited for use in the 5G network. This paper analyzes the performance of PCC-OFDM in the
uplink of a multiuser system using orthogonal frequency division multiple access (OFDMA) and compares
it with conventional cyclic prefix OFDM (CP-OFDM), and universal filtered multicarrier (UFMC). PCCOFDM is shown to be very much less sensitive to time and frequency offsets than either CP-OFDM or
UFMC. For a given constellation size, PCC-OFDM in additive white Gaussian noise (AWGN) requires
3 dB lower signal-to-noise ratio (SNR) for a given bit-error-rate, and the SNR advantage of PCC-OFDM
increases rapidly when there are timing and/or frequency offsets. For PCC-OFDM no frequency guard-band
is required between different OFDMA users. PCC-OFDM is completely compatible with CP-OFDM and
adds negligible complexity and latency, because it uses a simple mapping of data onto pairs of subcarriers
at the transmitter, and a simple weighting-and-adding of pairs of subcarriers at the receiver. The weightingand-adding step, which has been omitted in some of the literature, is shown to contribute substantially to
the SNR advantage of PCC-OFDM. A disadvantage of PCC-OFDM (without overlapping) is the potential
reduction in spectral efficiency because subcarriers are modulated in pairs, but this reduction is more than
regained because no guard band is required and because, for a given channel, larger constellations can be
used.
INDEX TERMS 5G, multiuser, uplink, OFDM, PCC-OFDM, UFMC, timing offset, frequency offset.

I. INTRODUCTION

The design of the 5G mobile network presents many new
challenges not faced by earlier generations of mobile access
technology. This is because of the wide range of diverse
services 5G will have to support [1]. There is the predicted
exponential increase in demand for very high bandwidth
connection resulting from video streaming and other high
data rate applications. At the same time, the emergence of
the internet of things (IOT) will produce a very large number
of low speed users. Reconciling these very different types of
communication is very challenging and is currently the topic
of extensive research [2]–[11].
A. CHALLENGES IN USING OFDM IN 5G

Orthogonal frequency division multiplexing (OFDM) in the
form of CP-OFDM (cyclic prefix OFDM) has been the basis
The associate editor coordinating the review of this manuscript and
approving it for publication was Ding Xu
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of many recent wireless communication systems. The many
advantages of CP-OFDM include robustness in the presence of multipath transmission, relative insensitivity to timing offsets, compatibility with multiple-input multiple-output
(MIMO) systems and the ability to support multiple access
in the form of orthogonal frequency division multiple access
(OFDMA). The well-known disadvantages of OFDM include
high out-of-band (OOB) power, sensitivity to frequency offset, and high peak-to-average power ratio (PAPR) [12], [13].
In the current generation of mobile systems, workable
solutions have been found which overcome the disadvantages
of CP-OFDM. The OOB power can be reduced by leaving
some band-edge subcarriers unused and by windowing within
the cyclic prefix. Sophisticated synchronization algorithms
overcome the problem of frequency sensitivity. A multitude
of solutions to the PAPR problem have been described in
the literature [14]. In the LTE uplink a modified form of
OFDM called DFT-spread OFDM has been developed to
enhance capacity and cell-edge user throughput performance.
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The advantages and challenges of using DFT-spread OFDM
in 5G are discussed in [15]. But simple adaptions to these
techniques are not adequate for 5G. This has inspired extensive recent research into different waveforms [2]–[11], [15].
OFDMA [1], [16] using CP-OFDM may work well in
the downlink and meet the demand for higher bandwidth,
the requirements of massive MIMO, and the use of higher
frequency bands. However, it is not suitable for the uplink
of the massive machine-type communication (mMTC) which
will result from the IOT. Wunder et al. [17] conclude that the
strict synchronization required in OFDMA using CP-OFDM
will not be appropriate for the sporadic traffic generated by
the IOT for two reasons. Firstly many of these devices will
be battery powered and will spend most of the time in a
dormant state, awakening only periodically to transmit data,
and secondly because of the hardware, time, and energy, that
is required for strict synchronization. Hence the search for
waveforms that can be used by these devices in the uplink,
and which are tolerant to time and frequency offsets. The
waveforms which have been considered so far, are well localized in the time and frequency domain but are not necessarily
orthogonal. Techniques which have been proposed include
filterbank multicarrier (FBMC) [7], [9]–[11] universal filtered multicarrier (UFMC) [18], and generalized frequency
division multiplexing (GFDM) [7]. These typically involve
some form of frequency domain filtering, or time domain
windowing, or some combination of both filtering and windowing.
B. BACKGROUND ON PCC-OFDM

Polynomial cancellation coded OFDM (PCC-OFDM) is one
form of OFDM which is very well localized in both the time
and frequency domain, and which is compatible with CPOFDM and also with MIMO [19], [20]. The first papers
on PCC-OFDM were published around two decades ago
[21]–[24] and showed that PCC-OFDM is robust to frequency
offset [22]. A number of papers quickly followed showing
that PCC-OFDM is also robust to time offset [25], phase
noise [26], and time-varying channels including Rayleigh
fading channels [21], [27], [28], and has a very rapid spectral
roll-off [29]. There has also been some recent work on PCCOFDM extending the earlier work on PCC-OFDM in single
user systems [30], [31]. The simplest form of PCC-OFDM
involves mapping data to adjacent pairs of subcarriers. This
results in substantial cancellation of the frequency domain
sidelobes, and a form of windowing in the time domain.1
Its main disadvantage is that it is not spectrally efficient.
To overcome this, a form of PCC-OFDM using overlapping
symbol periods was developed [32]. This uses a concept
similar to the weighted-overlap-and-add (WOLA) technique
that has recently been proposed for 5G [33]. Interest in
1 One misconception that has occurred in the past is that PCC-OFDM is
simply a form of repetition coding. While repetition coding would give a 3 dB
gain improvement in an AWGN channel it would not provide the improved
performance in the presence of time and frequency offsets that PCC-OFDM
demonstrates.
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PCC-OFDM reduced as research in MIMO systems exploded
in response to the landmark papers on multiple antenna systems [34], [35]. However, as we will show the basic form of
PCC-OFDM is ideally suited to the uplink in mMTC and has
the potential to be a key technology for 5G.
A few papers have recently been published on the application of PCC-OFDM to 5G. Some theoretical analysis and
simulation results for PCC-OFDM were presented in [36]
and [37], but these did not include the receiver weighting
and adding operation that is required to optimize performance. We will show that the receiver processing gives
substantial extra benefit. Experimental work using a software defined radio testbed has confirmed the potential of
PCC-OFDM [38]–[40].
In PCC-OFDM data is mapped onto adjacent subcarriers
using opposite polarities. Since the first publications on PCCOFDM [21]–[24] a number of other techniques have been
described which also map data onto pairs of OFDM subcarriers. In symmetric cancellation coding, data is mapped
onto two subcarriers symmetrically spaced in the data vector [41]. Other schemes use a complex conjugate weighting
to map the data to pairs of adjacent or symmetrically spaced
subcarriers [42]. A number of other related schemes have
also been described (see [30], [31] and references therein).
The various techniques have slightly different properties.
Most are less sensitivity to frequency offset than conventional
CP-OFDM and some reduce the sensitivity to phase offsets
or I/Q imbalance. In general these techniques, unlike PCCOFDM, do not result in a windowing effect on the transmitted
OFDM symbol. As a result, unlike PCC-OFDM, they are
very sensitive to time offsets and delay spread, unless a cyclic
prefix is used. The advantage of these other techniques is that
in general their PAPR statistics are similar to CP-OFDM and
so they have a lower PAPR than PCC-OFDM, but this is at
the cost of significantly increased sensitivity to time offsets if
a cyclic prefix is not used, or higher energy-per-bit and lower
spectral efficiency if a cyclic prefix is used.
C. CONTRIBUTIONS, NOVELTY AND SIGNIFICANCE

In this paper, we present a study of the performance of
PCC-OFDM in the context of multiuser uplink communications for 5G. The work is highly significant as it presents a
new technique which clearly outperforms other techniques
that have been proposed for this important emerging 5G
application. The contributions include:
1) The first comprehensive study of multiuser
PCC-OFDM. This is the first paper which takes into
account both the transmitter and receiver processing.
The receiver weighting-and-adding operation is crucial, and the only previous work on multiuser PCCOFDM [36], [37] does not include this receiver operation. As a result the earlier work very substantially
underestimates the performance of PCC-OFDM. The
contribution of this new work is significant because it
shows that, when correctly configured, PCC-OFDM
substantially outperforms UFMC and CP-OFDM,
157575
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FIGURE 1. OFDM and PCC OFDM transmitter (a) OFDM transmitter and (b) PCC mapping at
transmitter.

FIGURE 2. OFDM and PCC-OFDM receiver (a) OFDM receiver and (b) PCC
OFDM weighting and adding at receiver.

2)

3)

4)

5)

which are two waveforms which have been considered
for the multiuser uplink in 5G.
New analytical and simulation results which demonstrate the separate contributions of the transmitter and receiver processing. These results show the
important contribution of receiver processing to the
robustness of PCC-OFDM in the presence of timing
and frequency offsets. This is essential to understanding why this work reaches different conclusions from
earlier research [36], [37].
The first study of a multiuser OFDMA system using
PCC-OFDM that considers frequency offsets, and
the combination of timing and frequency offsets.
This is an important factor in an mMTC environment,
where strict synchronization is not practicable. (The
earlier papers [36], [37] considered only timing offset,
not frequency offset, or the combination of timing and
frequency offset).
Detailed simulation results for the performance of
PCC-OFDM in a multiuser context. These include
results for much larger time and frequency offsets than
have been considered in single-user OFDM. They also
include the effect of interference from other users. The
body of work on single-user OFDM typically considers
only the small offsets that may remain after the receiver
has been synchronized to the received waveform. They
also usually assume that there are no unsynchronized
interfering signals.
A clear description of the aspects of earlier PCCOFDM research that are relevant to this new work.

D. ORGANIZATION OF PAPER

The remainder of this paper is organized as follows. Section II
describes the multiuser systems and the CP-OFDM,
157576

PCC-OFDM and UFMC transmitters and receivers that are
studied in this paper. In Section III, the time and frequency
domain properties of the three waveforms are described, and
the ICI caused by time and frequency offsets is analyzed.
Detailed simulations of the three waveforms in single user
systems in the presence of time and frequency offsets are
presented in Section IV. In Section V the simulations are
extended to consider the multiuser case. The many advantages and the possible disadvantages of PCC-OFDM are
discussed in Section VI, and finally conclusions are drawn
in Section VI.
II. MULTIUSER OFDM SYSTEMS

In this section we describe the transmitter and receiver structures for the three forms of OFDM that we analyze and their
application in a multiuser system.
Fig. 1 shows the key elements of an OFDM transmitter,
and the mapping function required for PCC-OFDM. In the ith symbol period the data to be transmitted is mapped onto a
complex vector Xi = [X0i , X1i · · · Xki · · · XNi −1 ] which is input
to an N -point-IFFT. The corresponding vector at the IFFT is
xi = [x0i , x1i · · · xmi · · · xNi −1 ] where from the definition of the
IFFT
xmi



N −1
1 X i
j2πkm
=√
Xk exp
.
N
N k=0

(1)

Usually a cyclic prefix is appended to xi before parallel-toserial conversion, digital-to-analog conversion, filtering, and
upconversion to a radio frequency carrier. The corresponding
OFDM receiver and PCC weighting-and-adding block are
shown in Fig. 2, where the q-th input
 to the receiver FFT is
q q
q
q
vectoryq = y0 , y1 · · · yn · · · yN −1 and the output vector is
q
q
q
q
Yq = Y0 , Y1 · · · Yl · · · YN −1 where


N −1
−j2πln
1 X q
q
Yl = √
yn exp
.
N
N n=0

(2)

In many applications some subcarriers, for example the
band-edge subcarriers, are unused and the corresponding
inputs are set to zero. The only difference between a
PCC-OFDM transmitter and a simple CP-OFDM transmitter shown is the mapping of data onto adjacent pairs
VOLUME 7, 2019
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FIGURE 3. UFMC Transmitter and Receiver.

FIGURE 4. Configuration of multi-user uplink.

of subcarriers.2 Each input Dik 0 is mapped onto adjacent pairs
i = Di and X i
i
of subcarriers, so that X2k
0
k0
2k 0 +1 = −Dk 0 . In a
PCC-OFDM receiver, after equalization, the two subcarriers
in each pair are combined as shown in Fig. 2(b) to give
(Y2li 0 − Y2li 0 +1 )

.
(3)
2
Because the noise in the two subcarriers is independent,
weighing and adding the two subcarriers in the receiver
improves the signal-to-noise ratio (SNR) by 3 dB (see
Appendix A). We will show that it also further reduces
Zli0 =

2 To simplify the discussions in the paper, we consider the case of mapping
onto pairs of subcarriers where the lower index is even. This is not necessary.
Any adjacent pairs of subcarriers will provide the same performance gains.
VOLUME 7, 2019

the overall sensitivity of PCC-OFDM to frequency and
time offset. In the simulations we will show that no
cyclic prefix is required in PCC-OFDM in this application, but one can be used if necessary, for example
if the same equipment is used for both CP-OFDM and
PCC-OFDM.
In this paper, we consider the uplink of a multi-user OFDM
based system, where multi-user access is achieved by using
frequency-division-multiplexing with different users being
allocated different subbands, and where each subband is a
group of adjacent OFDM subcarriers. Groups of 12 subcarriers are often considered in the literature, and this is what
is used in our simulations. Each user is allocated one or
more subbands. To limit interuser interference, guard bands
157577
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FIGURE 5. Subband spectra for two users for (a) CP-OFDM, (b) PCC-OFDM and (c) UFMC for N = 256, NCP = 32 and L = 33.

of unused subcarriers may be inserted between the subcarriers
allocated to each user. In this paper we consider two cases:
systems with guard bands of 12 subcarriers, and systems with
no guard bands.
The system description for UFMC is more complicated
than for CP-OFDM or PCC-OFDM as a separate IFFT and
a separate time-domain filter are required for each subband.
Fig. 3 shows a UFMC transmitter and receiver. Each transmitter will in general require multiple N -point IFFTs: one
IFFT for each subband. To reduce the spectral leakage into
other subbands, each subband is separately filtered before
the filtered signals representing each subband are combined
and transmitted. At the receiver the signal is zero-padded
before input to a 2N -point FFT. It can be shown that the
wanted signals appear on alternate outputs of the IFFT [18].
These outputs are then equalized before sub-band demapping.
A major disadvantage of UFMC is the requirement for multiple FFTs and filters. These increase both the complexity and
latency of UFMC systems.
Fig. 4 shows the block diagram that describes the multiuser configuration for the three waveforms that we analyze.
A number of different transmitters transmit on different subbands. In this paper we consider the case where all users
within a system use the same waveform (i.e. CP-OFDM,
PCC-OFDM or UFMC). At each transmitter a subband mapper maps the data onto the subbands allocated to that user. The
received signal is the sum of the received signals from each
of the users plus additive white Gaussian noise (AWGN).
The receiver demodulates the signal and then, based on their
allocated subbands, the subband demapper separates the data
transmitted by each user.
III. TIME AND FREQUENCY DOMAIN PROPERTIES OF
CP-OFDM, PCC-OFDM AND UFMC

The relative performances of CP-OFDM, PCC-OFDM and
UCMC in a multiuser system depend very much on the time
and frequency domain properties of the three waveforms, and
the level of ICI that any time or frequency offset causes. In this
section we describe these properties and the ICI that results
from time and frequency domain offsets.
157578

A. SPECTRA OF CP-OFDM, PCC-OFDM AND UFMC

Fig. 5 shows the spectra of two 12-subcarrier subbands separated by a guard band of 12 subcarriers for systems with IFFT
size, N = 256, for the three waveforms we consider. Fig. 6
shows the band-edge of the spectra in more detail. Fig. 5(a)
shows the case of conventional CP-OFDM with CP length,
NCP = 32. The ripple in the pass band of CP-OFDM and the
absence of deep nulls in the OOB are due to the CP [12], [43].
The corresponding spectrum for PCC-OFDM (with no CP) is
shown in Fig. 5(b). The spectral roll-off is much more rapid
for PCC-OFDM. This rapid roll-off is an important advantage
in subband multiplexing, as it means that there is much less
interference between users if the frequencies are not precisely
aligned. Fig. 5(c) shows the spectra for UFMC for a DolphChebyshev filter of length, L = 33. Comparing PCC-OFDM
and UFMC it can be seen that the OOB power of PCCOFDM initially falls off more quickly than that of UFMC,
but is higher for frequencies further from the subband. It can
be seen that for CP-OFDM, if timing or frequency offsets
disrupt the strict orthogonality between subcarriers, there is
potentially significant interference between subbands. While
there is more overlap for PCC-OFDM than UFMC, the overall performance also depends on the receiver processing. The
combining of adjacent subcarriers in PCC-OFDM results in
further interference reduction so that, as will be shown in
Section IV, in the overall system PCC-OFDM outperforms
UFMC. The spectrum of UFMC depends on the length of the
filter used. A longer filter will result in more rapid spectral
roll-off, at the cost of some loss in overall spectral efficiency
and increase in signal processing complexity.
The rapid roll-off of PCC-OFDM can be understood by
comparing the power spectral density (PSD) of an individual
OFDM subcarrier with that of a PCC-OFDM subcarrier pair.
It is well known that the Fourier transform on an OFDM
subcarrier has the form of a sinc function. In [29] it is shown
both mathematically and graphically (see [29] Fig. 2) that
the sidelobes of adjacent subcarriers are very similar and so
the [+1, −1] PCC mapping results in substantial cancellation
of the sidelobes. This was then used to show that, subject to a
number of assumptions and conditions, the PSD of an OFDM
VOLUME 7, 2019
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FIGURE 6. Band-edge detail of spectra for CP-OFDM, PCC-OFDM and
UFMC, for N = 256, NCP = 32 and L = 33.

subcarrier falls off with frequency, f , as 1/(f 2 N 2 ), while for
N  1, the PSD of a subcarrier pair in PCC-OFDM falls off
as 1/(f 4 N 4 ). For OFDM, it was assumed that the complex
data mapped onto the OFDM subcarriers comprised independent zero-mean random variables [29], and that there was no
CP. Rectangular pulse shaping and perfect interpolation were
also implicitly assumed. For PCC-OFDM the complex data
mapped to the PCC-OFDM subcarrier pairs was assumed to
comprise independent zero-mean random variables.
The overall spectrum of an OFDM signal has been shown
to depend on a number of aspects of the transmitter design,
including N , NCP , the number of unused band-edge subcarriers, the pulse shaping, and the interpolation filtering [43]. (Note: the comments about OOB power in [29] are
inaccurate).
B. TIME-DOMAIN ENVELOPES OF CP-OFDM,
PCC-OFDM AND UFMC

Fig. 7 shows the time domain envelopes for the three waveforms we consider. CP-OFDM has the familiar square window and has a symbol length of N + NCP = 288. The
formula for the PCC-OFDM envelope shown in Fig. 7(b) can
be calculated as follows. From the definition of the FFT, xm
is given by


N −1
1 X i
j2πkm
xmi = √
Xk exp
(4)
N
N
k=0

where the component of xmi due to the input Xki is


1
j2πkm
i
xm,k
= √ Xki exp
.
N
N

(5)

So the component of xmi due to the pair of PCC coded inputs,
i , where X i
i
Xki and Xk+1
k+1 = −Xk is
i
i
xm,k
+ xm,k+1





1
j2πkm
j2π(k + 1)m
= √
Xki exp
− Xki exp
N
N
N 




1
j2πkm
j2πm
i
= √
Xk exp
1 − exp
(6)
N
N
N
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FIGURE 7. Time domain envelopes for (a) CP-OFDM, (b) PCC-OFDM and
(c) UFMC for N = 256, NCP = 32 and L = 33.

which is a complex exponential of frequency, k, multiplied
by a complex window (1 − exp (j2πm/N )). It is important
to note that the window function is independent of k, so is
the envelope of every PCC pair and hence of the entire
PCC-OFDM symbol. The magnitude of the window function
is given by
p
|1 − exp (j2πm/N )| = 2 (1 − cos (2πm/N )). (7)
For PCC, as no CP is used, the symbol length is equal to
the FFT size, which in this case is N = 256. For UFMC
the envelope depends on the filter length. Fig. 7(c) shows the
result for N = 256 and L = 33, which results in an overall
symbol length of N + L − 1 = 288. The filtering in UFMC
results in an envelope which tapers at the start and end of
the symbol, and this reduces the sensitivity of UFMC to time
offsets.
C. ANALYSIS OF INTERCARRIER INTERFERENCE CAUSED
BY TIME OFFSET

In this section the effect of timing offset on OFDM and
PCC-OFDM is analyzed in detail, and the importance of
receiver processing in PCC-OFDM is explained. This extends
the analysis in [29] to include the derivation of expressions
for the PCC-OFDM signals before and after receiver weight157579
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FIGURE 8. ICI and ISCHI as a function of time offset for N = 256 (a) CP-OFDM, (b) PCC-OFDM no receiver weighting and adding and (c) PCC-OFDM
with receiver weighting and adding.

ing and adding, and for intercarrier as well as intersymbol
interference.
1) ICI IN OFDM

For CP-OFDM, as long as the there is no frequency offset, and
any timing offset is less than the length of the CP, the received
subcarriers are orthogonal, and can be recovered without any
ICI or intersymbol interference (ISI). However when this
condition is not satisfied the performance degrades rapidly.
To understand the effect of timing offset
a sequence
 i consider

i , xi · · · xi
of two hIFFT output vectors xi =
x
,
x
N −1 and
i 0 1 2

xi+1 = x0i+1 , x1i+1 , x2i+1 · · · xNi+1
−1 and one FFT input vector
 q q q

q
q
y = y0 , y1 , y2 · · · yN −1 . If the receiver is perfectly synchronized, the channel is flat, there is no noise, and q = i,
then yq = xi and Yq = Xi . Now consider the effect of a time
offset of p samples where p ≥ 1, and for NCP = 0, so
h
i
yi = yi0 , yi1 , yi2 · · · yiN −1
h
i
i+1
= xpi · · · xNi −1 , x0i+1 · · · xp−1
.
(8)

It can be seen that yi is a function of both Xi and Xi+1 . Both Xi
and Xi+1 cause ICI, but Xi+1 also causes ISI. Consider first
the components of yi and Yi due only tohXi , which we denote
i
by yi,i , and Yi,i respectively, so yi,i = xpi · · · xNi −1 , 0 · · · 0 .
In Appendix B, it is shown that
i,i
Yl,k

Xki

=

1
N

NX
−1−p
n=0


exp

j2πn (k − l)
N



2) ICI IN PCC-OFDM WITH TRANSMITTER WEIGHTING ONLY

When the data at the IFFT input is PCC encoded, then
Xk+1 = −Xk , and the l-th output of the receiver FFT is
given by the sum of the components due to Xk and Xk+1 .
In Appendix C, it is shown that
i,i
i,i
Yl,k
+ Yl,k+1

Xki

=

1
N

NX
−1−p


j2πn (k − l)
N
n=0



j2π (n + p)
.
× 1 − exp
N


exp

(10)

Like the result for conventional OFDM given in (9), the magnitude of a component of ICI depends only on the time offset,
p, and (k − l), and
on k or l separately.
 does not depend

i,i
i,i
Fig. 8(b) shows Yl,k
+ Yl,k+1
/Xki for N = 256. Again,
like Fig. 8(a), for p = 0 and k = l there is no ICI: all of
the energy transmitted on a given subcarrier is received on
the same subcarrier, however because the data is transmitted
on both the k-th and the (k + 1)-th subcarriers, there are two
non-zero values for p = 0. When the time offset increases,
the ICI increases, but for all offsets, p, the ICI is less than
in Fig. 8(a).

(9)

i,i
where Yl,k
is the component of Yli,i due to Xki . Equation (9)
i,i
shows that the magnitude of a component of ICI, Yl,k
/Xki ,
depends on the time offset, p, and (k − l), the difference
between the subcarrier indices. The magnitude of the ICI does
not depend on the separate indices, k and l directly. Fig. 8(a)
i,i
shows Yl,k
/Xki for N = 256 as a function of time offset,
p/N , and (k − l). For p = 0 and k = l, there is no ICI: all
157580

of the energy transmitted on a given subcarrier is received on
the same subcarrier. When the time offset increases, the ICI
increases, and there is substantial ICI even in quite distant
subcarriers.

3) ICI IN PCC-OFDM WITH BOTH TRANSMITTER AND
RECEIVER PROCESSING

We now analyze the effect of time offset on the overall PCCOFDM system including both the transmitter mapping, and
the receiver weighting-and-adding operation. In this case the
performance depends on how Dik 0 varies as a function of Zli0 ,
and as the time offset is varied. Denoting the components
of Zi due to Di by Zi,i , and the component of Zli,i
due
 0
to Dik 0 as Zli,i
Y2l 0 − Y2l 0 +1 /2 and
0 ,k 0 , and using Zl 0 =
VOLUME 7, 2019

G. Kongara et al.: Comparison of CP-OFDM, PCC-OFDM and UFMC for 5G Uplink Communications

FIGURE 9. ICI and ISCHI due to ISI as a function of time offset for N = 256 (a) CP-OFDM, (b) PCC-OFDM no receiver weighting and adding and
(c) PCC-OFDM with receiver weighting and adding.

Dk 0 = X2k 0 = −X2k 0 +1 , it is shown in Appendix D that
Zli,i
0 ,k 0

NX
−1−p 




j2πn
1 − exp
N
Dik 0
n=0
!



j4πn k 0 − l 0
j2π (n + p)
1 − exp
.
× exp
N
N
1
=
2N

(11)
It can be seen from (11) that the interference for PCC after
both receiver and transmitter processing, depends only on p
and k 0 − l 0 and not on k 0 or l 0 separately. Fig. 8(c) shows
i
Zli,i
for N = 256 as a function of time offset
0 ,k 0 /D2k 0

p/N and k 0 − l 0 . Comparing Fig. 8(c) with Fig. 8(b) it can
be seen that receiver weighting-and-adding step reduces the
interference considerably.
4) ICI DUE TO INTERSYMBOL INTERFERENCE

Expressions for the components of interference caused by
intersymbol interference from the i + 1 th symbol can be
derived in a similar way. In this case
h
i
i+1
yi,i+1 = 0 · · · 0, x0i+1 · · · xp−1
(12)

Similarly for PCC-OFDM encoding at the transmitter only,
the ICI is given by (14), as shown at the bottom of this
page. Performing a similar analysis for PCC-OFDM with
both transmitter mapping and receiver weighting-and-adding,
i+1
as Zli,i+1
and denoting the component of Zli,i
0 ,k 0 ,
0 due to Dk 0
the interference is given by (15), as shown at the bottom of
this page. These results are shown in Fig. 9. It can be seen that
as the time offset increases, the ICI due to ISI also increases.
D. ANALYSIS OF INTERCARRIER INTERFERENCE CAUSED
BY FREQUENCY OFFSET

The ICI due to frequency offset in PCC-OFDM was analyzed
in [22]. In this section we present new results which demonstrate the separate contributions of transmitter and receiver
processing in PCC-OFDM. A detailed analysis is given in
Appendix F. For the case where the difference in frequency
between the frequency of the receiver local oscillator and the
carrier frequency of the received signal is 1f , and the phase
offset at the start of the i th symbol is θ0 [22], and assuming
no timing offset, a flat channel and no noise, then it can be
shown that


i,i
N −1
Yl,k
1 X
j2πn (k − l + 1fT )
exp
. (16)
=
N
N
Xki
n=0

and it can be shown in Appendix E that for OFDM
i,i+1
Yl,k
Xki+1

=

1
N

N
−1
X


exp

n=N −p

i,i+1
i,i+1
Yl,k
+ Yl,k+1

Xki+1
Zli,i+1
0 ,k 0
Di+1
k
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1
=
2N

N
−1
X
n=N −p

j2πn (k − l)
N

1
=
N



N
−1
X
n=N −p

.

(13)

From (16) it can be seen that the magnitude of ICI due
to frequency offset depends only on (k − l), the difference between the subcarrier indices and 1fT , where 1fT
is the frequency offset normalized to the subcarrier spacing.

j2πn (k − l)
exp
N





j2π (−N + p + n)
1 − exp
N

! 





j2πn 2k 0 − 2l 0
j2πn
j2π (−N + p + n)
exp
1 − exp
1 − exp
N
N
N

(14)

(15)
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FIGURE 10. ICI and ISCHI as a function of frequency offset for N = 256 (a) CP-OFDM, (b) PCC-OFDM no receiver weighting and adding and
(c) PCC-OFDM with receiver weighting and adding.

For PCC-OFDM considering only the transmitter weighting,
it is shown in Appendix F that
i,i
i,i
Yl,k
+ Yl,k+1

Xki



N −1
1 X
j2πn (k − l + 1fT )
=
exp
N
N
n=0



j2πn
. (17)
× 1 − exp
N

For PCC-OFDM when the receiver weighting-and-adding
step is included
Zli,i
0 ,k 0
i
X2k
0



N −1 
1 X
j2πn 2
=
1 − exp
2N
N
n=0

j2πn 2k 0 − 2l 0 + 1fT
× exp
N

!
.

(18)

FIGURE 11. BER in an AWGN as a function of Eb /N0 for CP-OFDM,
PCC-OFDM and UFMC with 4-QAM, 16-QAM and 64-QAM constellations.

Fig. 10 shows the ICI as a function of frequency offset
for CP-OFDM and PCC-OFDM with and without weighting assuming θ0 = 0. The normalized frequency offset is varied for 0 ≤ 1fT ≤ 2, which corresponds
to two subcarrier spacings. For CP-OFDM it can be seen
in Fig 10(a) that, as 1fT varies from 0 to 1, the ICI gradually shifts from one subcarrier to the next, and that there
is significant interference across a number of subcarriers.
Fig. 10(b) shows the ICI as a function of frequency offset for
PCC-OFDM without the receiver weighting-and-adding step,
while Fig 10(c) shows the ICI in PCC-OFDM with receiver
weighting-and-adding. It can be seen that, as for time offset,
both the transmitter mapping and the receiver weightingand-adding contribute to the reduction in interference in
PCC-OFDM.
IV. PERFORMANCE OF CP-OFDM, PCC-OFDM AND
UFMC - SINGLE-USER CASE

We now show how the different properties of the three waveforms affect their sensitivity to timing and frequency offsets
and to noise in a single-user scenario, and demonstrate the
157582

FIGURE 12. BER in an AWGN as a function of Eb /N0 for PCC-OFDM with
and without weighting and adding in the receiver for 4-QAM, 16-QAM
and 64-QAM constellations.

importance of the receiver weighting-and-adding operation
in the PCC-OFDM receiver.
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FIGURE 13. BER in an AWGN as a function of Eb /N0 for with time offset
τ = 0.05 for CP-OFDM, PCC-OFDM and UFMC with 4-QAM, 16-QAM and
64-QAM constellation.

FIGURE 14. BER in an AWGN as a function of Eb /N0 for with time offset
τ = 0.05 for PCC-OFDM with and without weighting and adding in the
receiver for 4-QAM, 16-QAM and 64-QAM constellations.

FIGURE 15. BER in an AWGN as a function of Eb /N0 for with time offset
τ = 0.2 for PCC-OFDM with and without weighting and adding in the
receiver for 4-QAM, 16-QAM and 64-QAM constellations.

A. PERFORMANCE IN AN AWGN CHANNEL

We first consider the case of single user in an additive white
Gaussian noise (AWGN) channel with no timing or frequency
VOLUME 7, 2019

FIGURE 16. Eb /N0 required for waveforms to achieve a target BER of
10−2 as a function of normalized time offset τ .

FIGURE 17. BER comparison of three waveforms for varying constellation
sizes affected by a normalized frequency offset, 1fT = 0.05.

FIGURE 18. BER comparison of three waveforms for varying constellation
sizes affected by a normalized frequency offset, 1fT = 0.2.

offset between transmitter and receiver. Fig. 11 shows BER
results for the three waveforms as a function of Eb /N0 where
Eb is the energy per bit and N0 the single-sided noise spectral density. Results are given for 4-QAM, 16-QAM and
157583
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FIGURE 19. Eb /N0 required for waveforms to achieve a target BER of
10−2 as a function of normalized frequency offset, 1fT .

FIGURE 21. Two user BER results for normalized timing offset of User 2,
τ = 0.05. User 2 received power 10 dB greater than User 1 (a) guard band
of 12 subcarriers, (b) no guard band.

FIGURE 20. Two user BER results for normalized timing offset of User 2,
τ = 0.05 (a) guard band of 12 subcarriers, (b) no guard band.

64-QAM constellations. For each constellation size, PCCOFDM requires the lowest Eb /N0 of the three waveforms.
This is because at the PCC-OFDM receiver the noise in
different subcarriers is independent, so combining subcarrier
pairs at the receiver reduces the required Eb /N0 by 3 dB. The
disadvantage of PCC-OFDM is that the mapping of data onto
157584

pairs of subcarriers reduces the spectral efficiency, so that for
a given constellation size PCC-OFDM carries only slightly
more than half the data of CP-OFDM. This means that to
compare systems of approximately equal spectral efficiency
the plots for 16-QAM PCC-OFDM should be compared with
the plots for 4-QAM CP-OFDM and UFMC in Fig. 11,
Fig. 13 and Figs. 15-29. For CP-OFDM, Eb depends on the
length of the cyclic prefix. The results are for the case of
N = 256 and NCP = 32. Similarly for FBMC, Eb depends
on the filter length and the results in Fig. 11 are for N = 256
and L = 33. The results for FBMC and CP-OFDM are very
similar because L = NCP + 1, so the overhead is the same
for each system. As expected, for each type of waveform the
Eb /N0 required for a given BER increases as the constellation
size increases.
Fig. 12 demonstrates the importance of the weighting-andadding operation in a PCC-OFDM receiver. It shows the BER
performance for PCC-OFDM without weighting and adding,
that is the result if data estimation is based on the received
signal on only one of the two PCC subcarriers, and also with
weighting and adding of the subcarrier pair. For each size
of constellation it can be seen that the weighting-and-adding
operation reduces the required Eb /N0 by 3 dB.
VOLUME 7, 2019
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FIGURE 22. Two user BER results for normalized timing offset of User 2,
τ = 0.2 (a) guard band of 12 subcarriers, (b) no guard band.

FIGURE 23. Two user BER results for normalized timing offset of User 2,
τ = 0.2. User 2 received power 10 dB greater than User 1 (a) guard band
of 12 subcarriers, (b) no guard band.

B. PERFORMANCE WITH TIMING OFFSET

Fig. 14 again shows the importance of the weighting-andadding operation in the PCC-OFDM receiver. It shows that it
reduces the sensitivity to timing offset as well as providing a
3 dB improvement in SNR, it gives an improvement of up to
a 6 dB for 64-QAM with a timing offset of τ = 0.05.
Fig. 15 shows the effect of increasing τ to 0.2 which is
greater than the length of the CP. For UFMC and CP-OFDM
the BER plateaus at levels about 10−2 whereas the BER
for PCC-OFDM is much lower, with 4-QAM and 16-QAM
showing relatively little degradation. We now explore the
effect of varying the timing offset. Fig. 16 shows how the
performance of each waveform varies as a function of time
offset, τ . It compares the required Eb /N0 for CP-OFDM,
PCC-OFDM and UFMC for a target BER of 10−2 for 4-QAM
and 16-QAM. For CP-OFDM the BER is constant as long
as the delay is within the cyclic prefix length, but increases
rapidly for τ < 0, or τ > 0.125. The plots for CP-OFDM
are not symmetric about τ = 0 because the simulations are
based on the use of a cyclic prefix (not postfix), so for timing
errors within the length of the CP there is no ICI, or ISI.
In contrast PCC-OFDM is much less sensitive to time offset

We now consider the effect of time offsets between the transmitter and receiver for the single user case. Fig. 13 shows the
BER in AWGN for a receiver offset of τ = 0.05 where τ is
measured as a fraction of the OFDM symbol period excluding
the CP, and positive τ represents a delay in the receiver
timing relative to the transmitter. As N = 256 this represents
a delay of 13 samples. Comparing Fig. 13 with Fig. 11 it
can be seen that this offset does not change the BER for
CP-OFDM. This is expected as the offset is less than the CP
length of 32 samples. In contrast the time offset increases the
BER for UFMC. This is most clearly seen from the 64-QAM
results where UFMC now has a higher BER than CP-OFDM.
This is because the receiver window is not aligned with the
maximum of the time domain envelope shown in Fig. 7. For
PCC-OFDM there is a very slight increase in BER because
the first part of each symbol is missed, so not all of the
received symbol energy is used to recover the data, but this
effect is less than for UFMC as the time domain envelope
does not change so quickly. This result is consistent with the
effect of timing offset shown in Fig. 8 (c).
VOLUME 7, 2019

157585

G. Kongara et al.: Comparison of CP-OFDM, PCC-OFDM and UFMC for 5G Uplink Communications

FIGURE 24. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.05 (a) guard band of 12 subcarriers, (b) no guard band.

and degrades only slowly. Even offsets of τ = ±0.2 require
an increase of less than 2 dB to maintain a BER of 10−2 . The
performance of UFMC is relatively constant over the smaller
range −0.08 < τ < 0.08 but degrades rapidly for larger time
offsets.
C. PERFORMANCE WITH FREQUENCY OFFSET SINGLE USER CASE

Frequency offsets between transmitter and receiver will also
degrade the BER performance. Fig. 17 shows the effect of a
normalized frequency offset, 1fT = 0.05. Comparing Fig. 17
with the AWGN results shown in Fig. 11, it can be seen that
frequency offset has negligible effect on PCC-OFDM for all
constellation sizes, while the performance of CP-OFDM and
UFMC are significantly degraded, with the BER plateauing
for 64-QAM constellations. The effect of further increasing
1fT is demonstrated in Fig. 18 showing an even greater performance advantage of PCC-OFDM. Fig. 19 shows the effect
of varying frequency offsets. Both UFMC and CP-OFDM
degrade rapidly as frequency offset increases, while even
normalized frequency offsets of 0.2 have little effect on
PCC-OFDM.
A point to note is that both for large time offsets and
large frequency offsets 16-QAM PCC-OFDM outperforms
157586

FIGURE 25. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.05, User 2 received power 10 dB greater than User 1
(a) guard band of 12 subcarriers, (b) no guard band.

4-QAM UFMC, and for small offsets has approximately
equal performance. This means that the loss in spectral efficiency of PCC-OFDM due to the mapping of data onto two
subcarriers, can potentially be regained by using bigger constellations.
V. PERFORMANCE OF CP-OFDM, PCC-OFDM
AND UFMC - TWO-USER CASE

As we are ultimately interested in the application of
PCC-OFDM for uplink multiple access, we now investigate
the sensitivity of the three waveforms to time and frequency
offsets in a two-user scenario. A number of configurations are
possible, but here we calculate the BER for User 1 for the case
where the receiver is synchronized to User 1, so that there is
no timing or frequency offset between User 1 and the receiver,
but User 2 may have a timing or frequency offset. Whereas
in the previous section the ICI is ‘same user ICI’: the ICI was
caused by subcarriers allocated to one user, in this section
the impairment may also be due to ‘other user ICI’, which
is the ICI caused by subcarriers allocated to a different user.
Similarly for ISI. As can be seen in Fig. 8, the level of ICI
is strongly dependent on the spacing between the subcarriers
concerned, so we consider both cases, that is where there is
VOLUME 7, 2019
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FIGURE 26. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.2 (a) guard band of 12 subcarriers, (b) no guard band.

FIGURE 27. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.2, User 2 received power 10 dB greater than User 1
(a) guard band of 12 subcarriers, (b) no guard band.

a guard band between the subcarriers allocated to each user
and cases where there is no guard band.
A. PERFORMANCE OF TWO-USER SYSTEM
IN AWGN CHANNEL

Simulations were performed for two users for 12 subcarrier
subbands with a 12 subcarrier guard band and an AWGN
channel. The BER results were identical to the single user
AWGN case shown in Fig. 11, and this was also the case
when there was no guard band. This was the expected result
for CP-OFDM and PCC-OFDM because in the absence of
time or frequency offset the subcarriers are strictly orthogonal. However there was also no observable degradation for
UFMC. In general the powers of the signals received from different users will not be equal, to explore the effect of a strong
interfering signal, the received power of User 2 was increased
by 10 dB. There was still no observable degradation: the BER
plots were the same as Fig. 11.
B. PERFORMANCE OF TWO-USER SYSTEM
WITH TIMING OFFSET

Fig. 20 shows the BER performance when User 2 has a
time offset of τ = 0.05. For a 12 subcarrier guard band
comparing Fig. 20(a) with Fig. 11 it can be seen that there
VOLUME 7, 2019

FIGURE 28. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.05, and normalize time offset of User 2, τ = 0.05.
No guard band.

is a very slight degradation in the performance of 64-QAM
UFMC. Removing the guard band (Fig. 20 (b)) causes no
observable increase in degradation of UFMC. Fig. 21 shows
the effect of increasing the received power of User 2 by 10 dB.
The key point is that even with no guard band and a higher
power interfering signal there is no observable change in
the performance of PCC-OFDM. There is also no change
157587

G. Kongara et al.: Comparison of CP-OFDM, PCC-OFDM and UFMC for 5G Uplink Communications

the performance of PCC-OFDM. Fig. 26 shows the effect of
increasing the frequency offset. Now even with a guard band
(Fig. 26 (a)) the frequency offset degrades the performance
of CP-OFDM and UFMC. Fig. 27 shows that only for large
frequency offset and for a high power interfering signal does
PCC-OFDM show any degradation, and this is only observable for the largest constellation.
D. PERFORMANCE OF TWO-USER SYSTEM WITH
TIME AND FREQUENCY OFFSET

Finally we investigate the performance when User 2 has
both time and frequency offset. Fig. 28 shows that all three
waveforms perform well for small time and frequency offsets
even with no guard band. Comparing Fig. 24, which shows
the results for 1fT = 0.05, τ = 0.05, with Fig. 11 it can
be seen that only 64-QAM CP-OFDM and 64-QAM UFMC
show any change. Similarly, Fig. 29 shows that even for
1fT = 0.2, τ = 0.05 and with no guard band PCC-OFDM
shows no degradation.
VI. ADVANTAGES AND DISADVANTAGES
OF PCC-OFDM FOR 5G

FIGURE 29. Two user BER results for normalized frequency offset of
User 2, 1fT = 0.2, and normalize time offset of User 2, τ = 0.05. (a) guard
band of 12 subcarriers, (b) no guard band.

for CP-OFDM as this time offset is within the cyclic prefix. However the performance of 64-QAM UFMC degrades
significantly. A slightly surprising result is that for this case
the no guard band 64-QAM UFMC has better performance
than 64-QAM UFMC with a guard band. This is because
with no synchronization errors the ICI in UFMC falls on the
odd subcarriers but timing offsets disrupt this. The effect of
increasing τ to 0.2 is shown in Fig. 22 and Fig. 23. In all
cases PCC-OFDM substantially outperforms UFMC and
CP-OFDM.
C. PERFORMANCE OF TWO-USER SYSTEM WITH
FREQUENCY OFFSET

Fig. 24 shows the BER performance when User 2 has a
frequency offset of 1fT = 0.05. For a 12 subcarrier guard
band comparing Fig. 24 (a) with Fig. 11 it can be seen
that there is a very slight degradation in the performance
of 64-QAM CP-OFDM. With no guard band (Fig. 24 (b))
the performance of 64-QAM CP-OFDM degrades further and
64-QAM UFMC also shows some change. Fig. 25 shows the
effect of increasing the received power of User 2 by 10 dB.
The key point is that even with no guard band and a higher
power interfering signal there is no observable change in
157588

In addition to the advantages of extreme insensitivity to time
and frequency described above, because PCC-OFDM is a
form of OFDM, it also retains many of the advantages of
CP-OFDM. For example, single tap equalizers can be used
in PCC-OFDM to correct for frequency selective fading,
and PCC-OFDM, like CP-OFDM is well suited to use in
MIMO systems. Although not considered in the simulations
in this paper, PCC-OFDM has also been shown to be very
insensitive to Doppler spread [21]. The additional mapping
onto subcarriers at the transmitter and the weighting-andadding step at the receiver mean that PCC-OFDM adds
negligible complexity and latency relative to CP-OFDM
and has significantly lower complexity and latency than
UFMC.
One important potential disadvantage of the form of PCCOFDM described in this paper is the potential loss in spectral
efficiency resulting from the mapping of data onto pairs of
subcarriers rather than onto single subcarriers. It is likely
that much of this loss can be recovered due to a combination of the other properties of PCC-OFDM, including
the fact that no frequency guard band is required between
users, and that the improved performance may allow larger
constellations to be used. For low data rate applications a
small loss in spectral efficiency may be acceptable. For high
data rate applications, particularly in the downlink, PCCOFDM with overlapped symbol periods may offer a good
solution [32].
A second potential disadvantage of PCC-OFDM is its high
PAPR, which is higher than CP-OFDM [44]. An interesting area of future research would be to investigate PAPR
mitigation schemes for PCC-OFDM. An alternative solution
might be to use no PAPR reduction. High PAPR is a problem
in many OFDM applications particularly high power broadcast television and radio applications because, unless linear
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amplifiers are used in the transmitters, the peaks result in
a distorted signal which contains out-of-band spectral components which may interfere with other signals. The disadvantage of linear amplifiers is that they are not power
efficient. However recent research [45] has shown that
when the power consumption of the digital signal processing is considered there is no overall power advantage in
applying PAPR reduction techniques for low power applications. The overall system advantages or disadvantage of
PCC-OFDM compared with other 5G solutions when all
of the properties of insensitivity to time and frequency
offset and the consequent reduction in signal processing
required are considered will be an interesting area of future
research.
VII. CONCLUSION

signal-to-noise ratio (SNR) of Yki is given by
n
o
2
 
E Xki
o.
SNR Yki = n
2
E Wki

(20)

This is also the SNR for PCC-OFDM before combining. The
receiver output for PCC-OFDM after combining, and taking
into account the PCC weighting at the transmitter is given by
Zki =
=

i
Yki − Yk+1

2
i
i
Xki + Wki − Xk+1
− Wk+1

2
 
i
1 h i
i
i
=
Xk + Xk + Wki + Wk+1
.
2

(21)

This paper has evaluated PCC-OFDM as a contender for 5G
systems and compared it with well-known waveforms such as
CP-OFDM and UFMC. It has been shown that PCC-OFDM
performs substantially better than CP-OFDM and UFMC in
the presence of time and/or frequency offsets. Large offsets
that would make transmission with CP-OFDM or UFMC
impossible, cause very little degradation in PCC-OFDM. For
example time offsets of ±0.2 of a symbol period require
only a 2 dB increase in SNR to achieve a given target BER.
Similarly frequency offsets of ±0.2 of a subcarrier spacing
also require an increase of only 2 dB. It has been shown that
the weighting-and-adding step in the PCC-OFDM receiver
contributes significantly to the performance. Because of the
mapping of data onto two subcarriers, weighting and adding
improves the performance in AWGN by 3 dB but it improves
the performance by much more than this in the presence of
time and frequency offsets. The performance of PCC-OFDM
in a multiple access system using OFDMA has been evaluated. It has been shown that because PCC-OFDM is very
well-localized in both the time and frequency domain it is
extremely robust in a multiuser system and as a result no
guard band is required between users. Only for very large
constellations, very large frequency offsets, and when the
power of the interfering user was 10 dB higher than that
of the user for which the BER was being calculated was
any degradation observable. In conclusion PCC-OFDM is a
very strong contender for application in 5G as it substantially
outperforms other better known waveforms in the presence of
timing and frequency offsets.

So the SNR of Zki is given by

APPENDIX A
ANALYSIS OF CP-OFDM AND PCC-OFDM
IN AN AWGN CHANNEL

This shows that the weighting and adding in the receiver
improves the SNR by a factor of 2, or equivalently 3 dB.
The graphs in Section IV use the conventional form of BER
curves in terms of energy-per-bit rather than SNR. For a given
average transmit power, the energy per bit for PCC-OFDM is
twice that for OFDM without a CP, because twice as many
subcarriers are used to transmit a given amount of data. For
CP-OFDM the energy used in the cyclic prefix has to be taken
into account. Both of these factors are included in the results
presented in Section IV.

For the case of an AWGN channel and no timing or frequency
offset, then for both PCC-OFDM and CP-OFDM
Yki = Xki + Wki
Wki

(19)

where
is the white noise component of the k-th output of
the receiver FFT in the i-th symbol period. Wki are zero mean
identically distributed Gaussian random variables. So the
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As the noise is white, the noise component on each received
subcarrier is independent so
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.
(23)
Substituting this in (22) gives
o
n
2
 
4E Xki
n
o
SNR Zki =
2
2E Wki
n
o
2
2E Xki
o
= n
2
E Wki
 
= 2 × SNR Yki .

(24)
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APPENDIX B
ANALYSIS OF ICI IN OFDM DUE TO TIMING OFFSET

To analyze the effect of timing offset in OFDM,
we consider

a sequence ofh two IFFT outputs xi =i x0i , x1i , x2i · · · xNi −1

and xi+1 = x0i+1 , x1i+1 , x2i+1 · · · xNi+1
−1 and one FFT input
 q q q

q
yq = y0 , y1 , y2 · · · yN −1 . For q = i, and if the receiver
is perfectly synchronized, the channel is flat and there is no
noise then, yq = xi , and Yq = Xi . For an unsynchronized
system with a time offset of p samples where p ≥ 1, and for
NCP = 0
i
h
yi = yi0 , yi1 , yi2 · · · yiN −1
h
i
i+1
= xpi · · · xNi −1 , x0i+1 · · · xp−1
(25)
Xi

which after some rearranging gives
 NX



−1−p
1 i
j2πpk
j2πn (k − l)
i,i
Yl,k = Xk exp
exp
N
N
N
n=0

(31)
so
i,i
Yl,k

Xki

and


N −1
1 X i,i
−j2πln
Yli,i = √
yn exp
N
N n=0


N −1−p
1 X i
−j2πln
= √
xn+p exp
.
N
N

(27)

n=0

(32)
Noting that |exp (j2πpk/N )| = 1, this can be simplified to
i,i
Yl,k

Xi+1 .

which is a function of both
and
The components of
yi and Yi due only to Xi are given by
h
i
yi,i = xpi · · · xNi −1 , 0 · · · 0
(26)


 NX


−1−p
1
j2πpk
j2πn (k − l)
=
exp
exp
N
N
N

Xki

=

1
N

NX
−1−p


exp

n=0

j2πn (k − l)
N



.

(33)

APPENDIX C
ANALYSIS OF ICI IN PCC-OFDM DUE TO TIMING OFFSET
WITH TRANSMITTER WEIGHTING ONLY

For PCC-OFDM Xk+1 = −Xk and the l-th output of the
receiver FFT is the sum of the components due to Xk and
Xk+1 , and is given by (34), as shown at the bottom of this
page. This can be simplified to give (35), as shown at the bottom of this page and (36), as shown at the bottom of this page.

n=0

From (4)
i
xn+p



N −1
1 X i
j2πk (n + p)
=√
Xk exp
.
N
N k=0

(28)

Substituting this in (27) gives


N −1−p
N −1
j2πk (n + p)
1 X 1 X i
X
exp
Yli,i = √
√
k
N
N n=0
N k=0


−j2πln
× exp
N

(29)

and the component of Yli,i due to Xki is
i,i
Yl,k
=





N −1−p
j2πk (n + p)
−j2πln
1 i X
Xk
exp
exp
N
N
N
n=0

APPENDIX D
ANALYSIS OF ICI IN PCC-OFDM DUE TO TIMING OFFSET
WITH BOTH TRANSMITTER AND RECEIVER PROCESSING

When both the transmitter mapping, and the receiver
weighting-and-adding operation are included the performance depends on how Dk 0 varies as a function of Z l 0 and as
the time offset is varied. Denoting the components of Zi due
i,i
i
Di by Zi,i and the component of Zli,i
0 due to Dk 0 as Zl 0 ,k 0 , and

using Zl 0 = Y2l 0 − Y2l 0 +1 /2 and Dk 0 = X2k 0 = −X2k 0 +1
gives (37) as shown at the bottom of the next page, which
after some rearrangement gives

 NX


−1−p 
1 i
j4πpk 0
j2πn
i,i
Zl 0 ,k 0 =
D 0 exp
1 − exp
2N k
N
N
n=0
!



j4πn k 0 − l 0
j2π (n + p)
× exp
1 − exp
N
N

(30)

i,i
Yl,k

i,i
+ Yl,k+1

(38)


N −1−p



 NX


−1−p
j2πpk X
j2πn (k − l)
1 i
j2πp (k +1)
j2πn (k +1−l)
1 i
= Xk exp
exp
− Xk exp
exp
N
N
N
N
N
N
n=0

n=0

(34)
i,i
i,i
Yl,k
+ Yl,k+1
=

1 i
j2πpk
X exp
N k
N

i,i
i,i
Yl,k
+ Yl,k+1

Xki
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=

1
N

 NX
−1−p

NX
−1−p
n=0

n=0


exp




j2πn (k − l)
j2π (n + p)
exp
1 − exp
N
N


j2πn (k − l)
N




j2π (n + p)
1 − exp
N

(35)

(36)
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and so
Zli,i
0 ,k 0
Dik 0

=

1
2N

NX
−1−p 



1 − exp

n=0

j4πn k 0 − l 0
× exp
N

j2πn
N

! 



j2π (n + p)
1 − exp
N




.

(39)
APPENDIX E
ANALYSIS OF ICI DUE TO INTERSYMBOL INTERFERENCE

Expressions for the components of interference caused by
intersymbol interference from the i + 1 th symbol can be
derived in a similar way. In this case
h
i
i+1
yi,i+1 = 0 · · · 0, x0i+1 · · · xp−1
(40)
and it can be shown that
 for OFDM 
1 i+1
− (N − p) k
i,i+1
Yl,k = Xk exp
N
N


N
−1
X
j2πn (k − l)
exp
×
N

Performing a similar analysis for PCC-OFDM with both
transmitter mapping and receiver weighting-and-adding, and
i+1
denoting the component of Zli,i
as Zli,i+1
0 due to Dk 0
0 ,k 0 , it can
be shown that


1 i+1
−j2π (N − p) 2k 0
Zli,i+1
=
D
exp
0 ,k 0
2N k
N
!



N
−1
X
j2πn 2k 0 −2l 0
j2πn
×
1−exp
exp
N
N
n=N −p



j2π (−N + p + n)
× 1 − exp
(45)
N
and
Zli,i+1
0 ,k 0
Di+1
k

1
=
2N

(41)

n=N −p

and
i,i+1
Yl,k

Xki+1

1
=
N

N
−1
X
n=N −p

j2πn (k − l)
exp
N




.

(42)

Similarly, for PCC-OFDM encoding at the transmitter only,
it can be shown that


1 i+1
−j2π (N − p) k
i,i+1
i,i+1
Yl,k + Yl,k+1 = Xk exp
N
N



N
−1
X
j2πn (k − l)

×
exp
N
n=N −p




j2π (−N + p + n)

× 1 − exp
N

The ICI due to frequency offset in PCC-OFDM was analyzed
in [22]. Here we present a more detailed analysis which
analyzes the separate contributions of transmitter and receiver
processing in PCC-OFDM.
Consider the case where the difference in frequency
between the frequency of the receiver local oscillator and the
carrier frequency of the received signal is 1f and the phase
offset at the start of the i-th symbol is θ0 [22]. Assuming no
timing offset, a flat channel and no noise, then
h
i
yi,i = yi0 , yi1 · · · , yin · · · yiN −1
(47)
where
yin

so
Xki+1

=

1
N

N
−1
X
n=N −p


exp

j2πn (k − l)
N






j2π (−N + p + n)
× 1 − exp
.
N
(44)




j2πn
1 − exp
N
n=N −p
!
j2πn 2k 0 − 2l 0
× exp
N



j2π (−N + p + n)
. (46)
× 1 − exp
N

APPENDIX F
ANALYSIS OF ICI CAUSED BY FREQUENCY OFFSET

(43)
i,i+1
i,i+1
Yl,k
+ Yl,k+1

N
−1
X

=

exp (jθ0 ) xni exp



j2πn1fT
N



.

(48)

So
N −1
1 X
Yli,i = √
exp (jθ0 ) xni
N n=0




j2πn1fT
−j2πln
× exp
exp
.
N
N

 1

1  i,i
Y2l 0 ,2k 0 +Y2li,i0 ,2k 0 +1 − Y2li,i0 +1,2k 0 +Y2li,i0 +1,2k 0 +1
2
2


! 
 NX



−1−p
0 − 2l 0
0
j2πn
2k
1 i
j2πp2k 
j2π (n + p) 
=
D 0 exp
exp
1 − exp
2N k
N
N
N
n=0


! 

 N −1−p


j2πn 2k 0 − 2l 0 + 1
1 i
j2πp2k 0  X
j2π (n + p) 
−
D exp
exp
1 − exp
2N k
N
N
N

(49)

Zli,i
0 ,k 0 =

(37)

n=0
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And using (4) gives


N −1
N −1
1 X
j2πkn
1 X i
Yli,i = √
exp (jθ0 ) √
Xk exp
N
N n=0
N k=0




j2πn1fT
−j2πln
× exp
exp
.
N
N

(50)

Rearranging gives
Yli,i



N
−1 N
−1
X
X
1
j2πn (k − l + 1fT )
i
= exp (jθ0 )
.
Xk exp
N
N
n=0 k=0

(51)
So, for conventional OFDM where the subcarriers are independently modulated
i,i
Yl,k
=



N
−1
X
1
j2πn (k − l + 1fT )
exp (jθ0 ) Xki
exp
N
N

Now considering PCC-OFDM, including the receiver
weighting-and-adding step, gives

1  i,i
Zli,i
Y2l 0 ,2k 0 + Y2li,i0 ,2k 0 +1
0 ,k 0 =
2

1  i,i
−
Y2l 0 +1,2k 0 + Y2li,i0 +1,2k 0 +1 . (57)
2
Substituting (55) in (57), and with some rearrangement gives


N
−1 
X
j2πn 2
1
i,i
i
exp (jθ0 ) X2k 0
1 − exp
Zl 0 ,k 0 =
2N
N
n=0
!
j2πn 2k 0 − 2l 0 + 1fT
× exp
(58)
N
and
Zli,i
0 ,k 0
i
X2k
0



N −1 
1 X
j2πn 2
=
1 − exp
2N
N

(52)
and

n=0

j2πn 2k 0 − 2l 0 + 1fT
× exp
N

n=0

!
.

(59)
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